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ON THE EXISTENCE OF MULTIPLE STEADY-STATE
SOLUTIONS IN THE THEORY OF ELECTRODIFFUSION.
PART I: THE NONELECTRONEUTRAL CASE.
PART II: A CONSTRUCTIVE METHOD FOR THE
ELECTRONEUTRAL CASE

FATIHA ALABAU

ABSTRACT. We give a constructive method for giving examples of doping
functions and geometry of the device for which the nonelectroneutral voltage
driven equations have multiple solutions. We show in particular, by perform-
ing a singular perturbation analysis of the current driven equations that if the
electroneutral voltage driven equations have multiple solutions then the non-
electroneutral voltage driven equations have multiple solutions for sufficiently
small normed Debye length. We then give a constructive method for giving
examples of data for which the electroneutral voltage driven equations have
multiple solutions.

1. INTRODUCTION

The theory of electrodiffusion arises in the study of transport of charges in devices
which are generally involved in electrical engineering (semiconductors) or electro-
chemistry (ion exchangers, ... ). An essential feature of this theory is that the
transport of charges is assumed to result from the combined effect of diffusion (due
to the gradient of concentration of particles) and drift (due to the electric field)
processes. This type of modelization is valid as long as the size of the device is not
below the micron; otherwise more sophisticated models such as hydrodynamic ones
or even Boltzmann’s equations have to be used.

The electrodiffusion models consist of parameter dependent nonlinear systems
of coupled differential equations of Poisson and convection-diffusion type. The pa-
rameter (which is in general a vector in the multi-dimensional case) represents the
external forces acting on the device. The components of this vector are the differ-
ences of potential (or biases) applied at the contacts of the device in the case of the
voltage driven models, whereas they are the currents flowing through the contacts
in the case of the current driven models. The device is essentially characterized
by its geometry, by the doping function which appears as an inhomogeneity in the
Poisson’s equation and by other physical scalar parameters (such as Debye length
and intrinsic concentration) which appear in the equations or in the boundary con-
ditions.
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Both parts of this paper are concerned with an analysis of the respective roles
of the doping inhomogeneity and of certain physical parameters on the existence of
multiple steady-state solutions of the voltage driven drift-diffusion model (we will
specify later in part IT which physical parameters are important for our purposes).
This fundamental model has been derived in 1950 by Van Roosbroeck [14]. It has
been intensively studied from a mathematical point of view (see e.g. [11, 16, 13, 10,
15] and the references therein) for many years, and various results on the existence
and qualitative properties of solutions for the steady-state and non-steady-state
problem have been obtained. The situation is very different as far as uniqueness
or multiplicity of the steady-state solutions is concerned. It is indeed striking (and
many authors, see e.g. [8, 13, 15] have emphasized this lack) that for many years
no multiplicity results have been proved, even in the one-dimensional case.

Indeed, it is well known that, from physical grounds (see e.g. [18]), uniqueness
does not hold in general. In particular it is conjectured that if the doping inho-
mogeneity has at least three alterations of sign in the device then multiplicity can
occur (see e.g. [12, 15]). Also, several numerical examples of multiplicity in the
one-dimensional case and for doping inhomogeneities having three alterations of
signs (case of thyristors) can be found in the literature (see e.g. [12, 15, 17]). On
the other side, positive uniqueness results have been obtained mainly in the fol-
lowing situations: either the applied voltages are assumed to be sufficiently small
while no restrictions are made on the doping inhomogeneity (see e.g. [13, 10]), or
the applied voltage is assumed to be arbitrarily large but specific assumptions (in
particular on the number of sign alterations of the doping inhomogeneity) are made
2, 3, 5].

Hence from a rigorous mathematical point of view the question of multiplicity
is still open, and, even more precisely, the mathematical mechanisms which could
explain (even without proofs) the occurrence of multiple steady-state solutions are
far from being understood. The purpose of the present paper is to answer this
question and to explain which mechanisms are responsible for multiplicity in the
one dimensional case. As will be seen in the course of this paper, the answer is
complex, mainly because several parameters as well as the doping inhomogeneity
are involved in different ways.

Before we state more precisely the main results of this paper, we give below the
(scaled) voltage driven drift-diffusion equations.

We assume that the mobilities are constant and that the semiconductor is not
degenerate, so that the Einstein’s relations are valid. Moreover, we assume that
there is no generation recombination. Under these assumptions and for a prescribed
voltage V' in R, the fundamental voltage driven drift-diffusion equations are, in
dimensionless form (see [14]),

(1.1) eY! =n. —p. — N in Q= (-1,1),
(1.2) ng —neYl = Jne in Q,

(1.3) pLApebl = Jne — I in Q,
(1.4) Jh.=0inQ,

(1.5) I' =0in Q,

subject to the boundary conditions

(1.6) Pe(=1) =91,
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(17) bult) =tog () 4o v,
(1'8) na(il) =n41 >0, ps(il) =p4+1 >0,
where

(1.9) n_ip_1 =mnip1 ="

System (1.1)-(1.9) models the transport of electrons and holes in a semiconductor
device. The unknowns are the functions ., n., p. and the numbers J, . and
I, which stand respectively for the electrostatic potential, the electron and hole
densities and for the electron current and total current density. The number I, —J,, .
and the function —. represent respectively the hole current density and the electric
field. The doping profile N, which is a given function defined on Q, as well as the
positive numbers € and §, depend only on the semiconductor device and not on the
parameter V.

Since the nonlinear system (1.1)-(1.9) depends on the parameters V and ¢, it is
denoted from now on by (VD)y..

The current driven model is formed by (1.1)-(1.4), (1.6) and (1.8)-(1.9), where
I. has to be replaced by I. Since this system depends on I and ¢, it is denoted
from now on by (CD); .. The unknowns of this system are ., n., p. and Jy, ..

We recall that the existence of weak solutions (e, N, Pe, Jn.e, Ic) of (VD)y,c has
been proved for arbitrary V' in R by many authors (see e.g [10] and the references
therein) and that any solution (¢e, ne, pe, Jne, Ic) of (VD)y . satisfies

0<ne 0<pe.

We also recall that existence and uniqueness of solutions of (CD)j ., as well as
analyticity of the solution with respect to I, is proved in [4]. Of course in the case
of the current driven model the voltage V. is unknown and is given by

n
(1.10) Ve = log (r) T — (L),
where 1. is the electrostatic potential corresponding to the (unique) solution of
(CD)1,.. We also proved in [4] that the voltage function V. defined by

(1.11) IV,
is well defined, onto and satisfies
Ve(I) - oo ifand only if I — +oo.

The current and voltage driven systems are related formally in the following way:

Assume that I is given and let (¢e, ne, pe, Jn,e) be a solution of (CD); .. Then
(Ve, Ne, Pey JIn.e, Ie) is a solution of (VD)y, ., where V; is given by (1.10). Conversely,
assume that V' is given and let (¢, ne, pe, Jne, Ic) be a solution of (VD)y,. The
equations (1.2) and (1.3) can be written under the form

(ne eXP(-%))' = Jn,e exp(—wa),
and
(pe exp(d)s))' = (Jn,s — I.) exp(te).
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Integration from x = —1 to = 1 of these two last equations together with (1.4)-
(1.10), gives

(1.12)

-1
I = noy exp(—p1)(exp(V) — 1) ( / exp(—wadx) ooy exp(vor)

< (1= ex(-v) ([ ey -

Hence, (tz, ne, De, Jn.e) is a solution of (CD);, ., where I, is given by (1.12).
We also recall that the voltage current characteristic is associated to the voltage
driven model. It is the (possibly multi-valued) map

(1.13) Vi I,

where I is the total current associated to a solution of (VD)y...

As we already said, the purpose of this paper is to give conditions on the data
associated to (VD)y,. which are sufficient to guarantee the existence of multiple
solutions of (VD)y ., V being the bifurcation parameter. This goal is achieved by
analyzing the respective roles of the doping inhomogeneity N and of the physical
parameters involved in (VD)y.

Part I is devoted to the analysis of the role of the normed Debye length e, whereas
the other parameters (except V) as well as the doping inhomogeneity N are kept
fixed and arbitrary.

Indeed, since ¢ is a small parameter which multiplies the highest derivative in
equation (1.1), both systems (CD); . and (VD)y,. can be analyzed in the framework
of singular perturbation theory (see e.g. [9, 10, 1, 6]). Hence we can associate to
(CD)se (resp. (VD)y,) a reduced current (resp. voltage) driven system (RCD);
(resp. (RVD)y ). These reduced systems are in a formal way the limit problems, as
€ goes to 0, of the associated singularly perturbed systems. They are introduced in
subsection 2.1.

The main result of Part I concerning the role of € on the existence of multiple
solutions shows that in order to prove the existence of multiple solutions of (VD).
for certain values of V, it is sufficient to prove that the limit problem (RVD)y has
multiple (isolated) solutions for certain values of V' (provided that ¢ is sufficiently
small). More precisely, we prove that if the data N, § and Vj are such that the
limit problem (RVD)y, has k isolated solutions, then for e sufficiently small there
exist V_ . < Vp < V4 . such that for all Vin (V_ e, Vi), (VD)y has at least k so-
lutions (see theorem 3.4). We also establish a corollary showing that if the reduced
current driven system has a left positive and a right positive (resp. left negative and
right negative) saturation current (see the definition in subsection 2.2) then for
sufficiently small there exist V_ . < V, . such that for all V in (V_ ., V, ), (VD)y..
has at least three solutions for ¢ sufficiently small (see corollary 3.5). These results
are valid under very general assumptions on N and §. Of course such results are of
practical interest only if we can prove that there exist data NV, § and Vj such that
(RVD)y, has multiple (isolated) solutions. This question is the subject of Part II.
The proof of the above results is based on a singular perturbation analysis of the
current driven system (CD)y . (see section 2), and on a fundamental uniform esti-
mate (with respect to €) of the inverse of the linearized current driven equations in
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appropriate spaces (see corollary 3.2 and also theorem 3.1). The proof of this fun-
damental estimate is based on a structural property of the current driven equations
which lies in the specific form of the coupling between the two convection-diffusion
equations (1.2)-(1.3) and the Poisson equation (1.1). Thanks to this fundamental
estimate we prove the main result of this paper concerning the singular perturba-
tion analysis of the current driven equations. This result states that the asymptotic
error, which is the difference between the solution of the current driven equations
and the first term of an associated modified asymptotic expansion (in the sense
of singular perturbation theory), is of order /. A similar result holds for the
derivatives with respect to I of this asymptotic error. This modified asymptotic
expansion is defined in subsection 2.4 (for the values of I for which the reduced
current driven equations have a solution). It involves the solution of the reduced
current driven equations, together with classical boundary layer and non-classical
interface layer terms.

It should be noted at this stage that as far as the multiplicity question for
the reduced voltage driven equations is concerned, it is not possible to use the
results of [15] and [17] in order to answer this question positively. Effectively,
both authors have analyzed the problem of the existence of at least two positive
saturation currents for a scalar equation satisfied by the unknown n + p, where n
and p denote respectively the reduced electron and hole concentrations. This scalar
equation is associated to the reduced current driven system in the following way. If
(¥, n,p, Jp) is a solution of (RCD);, then n+ p is a solution of this scalar equation.
Conversely if s is a (strictly positive) solution of this scalar equation, then one
can easily associate to s functions ¥, n and p and a number J,, but unfortunately
(¥, m, p, Jn) is not necessarily an admissible solution of (RCD);. Indeed, it can
easily be shown that (¢, n,p, J,,) is a solution of (RCD); if and only if s satisfies
the constraint s(z) > |N(z)| for all z in Q. Hence the existence of at least two
positive saturation currents for this scalar equation is not sufficient in order to
derive multiplicity results for the reduced voltage driven equations. Moreover it
should also be noted that the boundary data under consideration in [15] do not
satisfy the electroneutrality condition; hence the system considered in [15] is not
the reduced voltage driven system in the classical sense of singular perturbation
theory.

We use in all of this paper the following notation

For m € N and ¢ € N* U {+00} we denote by W"™4(Q) the usual Sobolev
space equipped with its standard norm || ||;.4.0. For m = 0 we have W%4(Q) =
L9(Q)). For a given partition Pas = (a;)o<i<m+1 (independent on ) in subintervals
[ai,a;y1], i € {0,..., M}, and for (m,q) € N* x (N* U {+00}), we set
W;n’q(Q,'PM) = {’LL, U /[ai,aip1] S Wm’q(ai, ai+1),i S {0, Ce ,M}},

W 4(Q, Par)

= {uc Wmh1Q), (u/[%aiﬂ])(m_l) € Wh(a;,a:41),i € {0,..., M}}.
This last space is a Banach space for the norm defined by
||u||m,q,9,77M = ||u||m—l-,q-,9 + |u|m,q,9,77Ma

where

=M
|u|m,q,9773M = Z ||(u/[ai>ai+1])(m)||0,q,[ai,ai+1] :
=0



4714 FATIHA ALABAU

Moreover we denote by A([a,b]) the set of analytic functions on a given bounded
interval [a,b] of R, and we set A(Q,Pa) = {u, (U/[a,0,,,]) € Allai,ait1]),i €
{0,... ,M}}.

The paper is organized as follows. Section 2 is devoted to the (formal) singular
perturbation analysis of the current driven equations. In subsection 2.1 we define
the reduced current driven and voltage driven equations, as well as the classical
internal and boundary layer equations which are associated. We also recall some
existing results on these equations. In subsection 2.2 we establish general prop-
erties of the (unique) solution of the reduced current driven equations (RCD);.
We prove in particular that the set £ of I for which (RCD); has a solution is not
empty, is open, and that the solution of the reduced current driven equation is
analytic on this set. We also prove that the points I lying on the boundary of £
correspond to saturation currents. In subsection 2.3 we introduce a non-classical
internal layer problem in order to obtain a C' approximation of the electrostatic
potential. We prove general properties of the solutions of this problem, such as
existence, uniqueness and exponential decay at infinity. Finally, in subsection 2.4
we define the modified asymptotic expansion, and prove that the asymptotic terms
corresponding to concentrations of electrons and holes are uniformly (with respect
to z and ¢) bounded away from zero. We state the main results of this paper in
section 3: fundamental uniform estimate of the inverse of the linearized current
driven equations (corollary 3.2 and theorem 3.1), asymptotic error estimates (the-
orem 3.3) and multiplicity results (theorem 3.4 and corollary 3.5). Section 4 is
devoted to the proof of the main results. In Part II we give a constructive method
for giving examples of data for which the electroneutral voltage driven equations
have multiple solutions.

Part I. The nonelectroneutral case

The first part of this paper is devoted to the analysis of the singularly perturbed
voltage driven equations. We prove in this part that if the associated reduced volt-
age driven equations have multiple solutions then the singularly perturbed equa-
tions also have multiple solutions, provided that ¢ is sufficiently small.

2. SINGULAR PERTURBATION ANALYSIS OF THE CURRENT DRIVEN EQUATIONS

2.1. The formal asymptotic expansion. Let Pys = (a;)o<i<m+1 be a partition
of © which is independent of € and assume that N € W1(Q, Pys). Since ¢ is a small
parameter which multiplies the highest derivative of equation (1.1), both systems
(CD)r and (VD)y, can be analyzed in the framework of singular perturbation
theory (see e.g. [9]). We set

(2.1) S;={ie{0,... , M +1}, ng, —pa;, # N(a;)}.

We recall that a formal asymptotic expansion which includes internal (resp. bound-
ary) layer terms in a neighbourhood of the points a;, ¢ € {1,..., M}, such that
[Nla; # 0 (resp. i € S;) can be associated to (VD)y,. by using standard techniques
of singular perturbation theory (see e.g. [10]).

In this paper we are interested in a different approach which is based on a
singular perturbation analysis of the current driven equations (CD)j . instead of
(VD)y,. In particular, it is important to remark that when one considers (CD)y .
(resp. (VD)v,.), I is a given datum which is independent on € (resp. an unknown
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constant which depends on ¢) whereas V' is an unknown constant which depends
on ¢ (resp. a given datum which is independent on ).

Since the derivation of the formal asymptotic expansion associated to (CD)y .
is similar (up to minor changes) to that of (VD)y.., we just give briefly below the
reduced and the layer current driven equations. We refer the reader to [10] for more
details on the voltage driven case.

The reduced current driven equations are derived from (CD); . by setting € = 0
in (1.1). Since at the points a;, ¢ € {1,...,M}, such that [N],, # 0 (resp. i €
S;) the solutions of the reduced equations are discontinuous (resp. do not satisfy
the boundary conditions (1.6)-(1.8)), these solutions cannot be expected to be a
uniform approximation of the solution of the full problem (CD);.. In order to
obtain an approximation which can be expected to be a uniform approximation,
one must add correction (or layer) terms in a neighbourhood of the points a;,
ie{l,...,M}US; (we will see later that if ¢ € {1,..., M} is such that [N],, =0
then the corresponding zeroth order layer terms are equal to zero). Of course the
layer terms must be small except in a neighbourhood of a;, i € {1,... , M} US,.
The zeroth order terms of the formal asymptotic expansion which is associated to
(CD)r e have the form

(22) (1/% n,p, Jn)(ZII) + (12)17 fl’iaﬁia jn,l)((x - ai)€_1/2)a

where (¢, n, p, J,,) is a solution of the reduced current driven equations and where
(&i,ﬁi,ﬁi,jnyi) are the layers terms which are defined on R (resp. (—o0,0] or
[0,400)) if i € {1,... ,M} (resp. i € S;N{M + 1} or i € S; N {0}) and which
decay exponentially at infinity. Of course these layer terms generally depend on
the solutions of the reduced problem.

We now give the reduced and layer current driven equations. These equations
are derived by inserting the expression (2.2) in (CD); . and by using the exponen-
tial decay of the layer terms at infinity. The interface and boundary conditions
are derived by using standard matching techniques based on the regularity of the
solution of (CD); . and on the boundary conditions (1.6) and (1.8).

The reduced current driven equations are given by

M
(2.3) n—-p-N=0 in Qy=|J(a,a),
=0
(2.4) n=ny +J, in Qu,
(2.5) p=-—pY'+J,—1 in Q,
(2.6) J=0 in Q,

subject to the boundary conditions

(27) w(_l) = ¢T7—17 n(il) = Ny +1, p(:tl) = Pr,+1,

and to the interface conditions

(2.8) [neXp(_w)]ai = [peXp(w)]ai = [Jn]ai =0 Vie {17 cee 7M}7
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where the boundary data are given by

N(z) + (N?(z) + 46%)1/2 - —N(x) + (N?(x) + 46%)1/?
) rax — 9 s

Ny o =
(2.9) ma
Yr,—1 = log(n’—) +_q.

We define the reduced voltage associated to (¢, n,p, J,) by

(2.10) V’:log&?nl)4-¢n_1—lﬂl)

r,—1
Of course V' depends on I. Since the reduced current driven system formed by
(2.3)-(2.9) depends on I, we denote this system by (RCD); from now on. The
reduced voltage driven system consists of (2.3)-(2.10) and

I'=0 in Qu, [a, =0 Vie{l,... M}
where (2.10) gives the boundary condition on ¢ at = 1. Since this system depends
on V, it is denoted from now on by (RVD)y .

We recall that the following result holds for the reduced voltage driven equations.
For N € Wh(Q,Py) and for all V € R, (RVD)y has at least one solution in
(Whoe(Q, Par))? x R? (see [10, theorem 4.4.1]). We also recall some recent results
on (RCD);. We proved in [4, theorem 4.1] that if N € A(Q, Pys) then for every I
in R, (RCD); has at most one solution. On the other hand we also proved that if
N € A(Q, Par) and satisfies

N(—z)=—-N(z), N(z)#0 Vzx € [a;,a;+1], Yre{0,...,M},

and

1
3(iy,i2) € ({0,...,M})? such that /

i1

1
N(t)dt <0< / N(t)dt,
u,q',2

then (RCD); has a solution if and only if I € (I, 5, I ) where

1 1
Lﬁzzﬁm?«—/‘N@mw*)<a Q§:2&m?(—/jN@Mﬂd)>Q
1€Ly a; €Ly a;

with L, = {i € {1,... M}, [} N(t)dt > 0} and Ly = {i € {1,... .M}, [, N(t)dt
< 0}. Hence existence of solutions of (RCD); for arbitrary I cannot be expected
to hold in general unless restrictive assumptions on the number of sign alterations
of N are made (see also [15, 17]).

We define the reduced voltage function V as the map

(2.11) IV,

where V' is defined by (2.10) (¢ being the electrostatic potentiel corresponding
to a solution of (RCD);, when it exists). Moreover the reduced voltage current
characteristic is the (possibly multi-valued) map

(2.12) Vi I,
where I is the total current coresponding to a solution of (RVD)y .
We denote by (¢, n,p, Jn) a given solution of (RCD); (if it exists). Then the

internal layer terms 1); associated to (¥, n,p, Jy) and to a;, ¢ € {1,... ,M}, are
solutions of

>y,
dr?

(2.13) (1) = hz,,(d;l(T)) TeRY, ve{—,+},
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(2.14) $i(0F) + ¢(al) = i(07) +(a;),
dy o di,
(215) Loy =200,
(2.16) 1hi(+00) = i(—00) =0,
where h;,, is the function defined by
(2.17) hiw(y) = n(ay) exp(y) — p(a;) exp(—y) — N(a]), y€R,
The boundary layer terms for ¢ € S; are solutions of
2 A- ~
(218) T0 7 = b (i), 7€ R,
dr
(2.19) $i(0”) = log(—-),

T,a4

where v = + (resp. —) if i = 0 (resp. M + 1). The internal and boundary layer
terms n; and p; are given by the relations

(2.20) ni(1) = n(a?)(exp(i(r)) —1), T€eRY, veT,

(2.21) pi(7) = p(a?)(exp(—ihs(1)) — 1), T€eR’, veT,

where T = {+,—} if i € {1,...,M}, whereas T = {+} (resp. T = {-}) if
i€ S;N{0} (resp. i € S;N{M + 1}). Moreover we have

(2.22) Jui=0 Yie{l,... ,M}US,

For a given solution (¢, n,p, J,,), if it exists (resp. (¢, n,p, Jn,I)) of (RCD); (resp.
(RVD)y) and fori € {1,..., M}, we denote by (ILP); (resp. (ILP)y;) the internal
layer current (resp. voltage) driven problem formed by (2.13)-(2.17). In the same
way and for ¢ € S; we denote by (ILP);; and (ILP)y,; the boundary layer current
(resp. voltage) driven problem formed by (2.17)-(2.19).

We now recall some results concerning the layer problem (ILP)y;.

For a given solution (¢, n, p, Jp,) (vesp. (¢, n,p, Jn,I)) of (RVD)y (resp. (RCD)y,
when it exists), existence and uniqueness of the solutions of (ILP)y; (and conse-
quently of (ILP);;) is proven in [10, theorem 4.5.1] by showing that (ILP)y,; is
equivalent to the problems

(2.23) C;f; () = hin(@s()), T ERY,
(2.24) i (0Y) = ¥, ahy(voo) =0,

where v € {+, —} and o depend on V and are given by
—[n 4 pla, + N(a; ") [,
(2.25) af = - ! -,
[Va
and where h; , are defined as in (2.17). Existence and uniqueness of the solutions

of (2.23)-(2.24) for v = + is then obtained by applying Fife’s lemma ([7, lemma
2.1]) for solutions of problems of the form

y'(t) = Gy(t), 0=<t<+o0, y(0) =a, y(+oo) =0.
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We also recall that the following properties hold:
(2.26) o [N]s, <0, a; [N]s; >0 Vie{l,...,M} such that [N],, # 0.

K2

Moreover if [N],, < 0 (resp. > 0) then t; is decreasing (resp. increasing) on
(—00,0) and (0, +00).

It should be noted that if i € {0, M + 1} — S; then ng, — pa, — N(a;) = 0. Hence
since ng,pq, = §* also holds, we deduce that (n, 4,,Pr.a;) = (Ra;, Pa;). In this case,
the corresponding boundary layer terms 1[)1-, n; and p; vanish. It should also be
noted that the boundary conditions for the reduced voltage driven problem always
satisfy the electroneutrality condition

Npg — Pro = N(z), ===xL

2.2. On some qualitative properties of the reduced current driven equa-
tions. The purpose of this subsection is to give the possible shape in R? of the
reduced voltage function V, which is defined by (2.11).

For given N,§ and Pj; we need to introduce the following notation:

(2.27) E(N,0,Pp) ={I € R, (RCD); has a solution},

(2.28) SWo) ={I € E(N,6,Pm), V() = Vp},

(2.29) Sne ={I € E(N,6,Pnr), V'(I) # 0},

where Vj € R and V is defined by (2.11). We also need the following spaces:
(230) Csat(N767PM) :g(NuéapM) _g(Na(SaPM)u

(231) Csyat(N7 67 PM) = Csat(N7 57 PM) N Rya IS {+7 _}7

(2.32)

Csat,l(N7 577)]\/[) = {I S Csat(N7 577)]\/[)7377 > 07 [I_ 777I) C g(Na 577)]\/[)}7

(2.33)
Csat,r(N, 557)1\/[) = {I € Csat(Na 6773M)7E|77 > Oa (LI‘FT]] - g(Nv 537)1\/[)}

We will also use the following definitions for the rest of this paper. An element
of C4,,(N,d,Par) is called a positive (resp. negative) saturation current if v = +
(resp. —). As will be seen in theorem 2.2, |V(I)| converges to +oo as I converges to
any element of Csu: (N, 6, Pas) in E(N, §, Prr). This motivates the above definition.
Moreover an element of Cgat 1 (N, 8, Par) (resp. Csatr (N, 9, Par)) is called a left (resp.
right) saturation current.

Of course an element of Csq¢ (N, d, Pps) can be both a left and a right saturation
current, or can be neither a left nor a right saturation current.

We can now state our results. It is easy to check that for I = I, = 0, (RCD)y,

has a unique solution (t)e, N, Pe, Jn,e) Which is given by

N(z) + (N?(z) 4 40%)/2

'@[Jn—l + log( ) Vo € ﬁ,

() ST
Ne () = Ny 1 exp(—ty, —1) exp(P(x)),
(2)

Pe() = pr,—1exp(tr,—1) exp(—2(z)) Yz €Q,
Jne =0.

)
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It can be easily checked that the linearized operator associated to (RCD); at
(e, Ne, Pes Jn.e) 1s boundedly invertible. Hence we deduce the following result

Proposition 2.1. Assume that N € WH1(Q,Py) and let § > 0 be given. Then
there exist I_(6) < 0 and I.(6) > 0 such that (RCD)r has a unique solution for
every I € (I_(9),14+(9)).

We now give the possible shape of the reduced voltage function.

Theorem 2.2. Assume that N € WH(Q, Py). Then for every I € R, (RCD);
has at most one solution in (W1>°(Q,Ppr))® x R. Moreover if I € E(N,6,P),
then the following properties hold:
(i): There exists an interval O(I,N,§,Prr), which is open, contains 1 and is
such that O(1, N, 6, Pn) C E(N, 0, Pur).
(ii): O, N,§, Py is the unique mazimal interval on which property (i) holds.
(iii): The solution (¢,n,p,J,)(.,1) of (RCD)r depends analytically on I on
O(IvaéaPM) _
(iv): If Io € E(N,0, Par) — E(N,6,Pas) then Iy £ 0 and

2.34 li V() = ign(ly).
( ) I—Jo,IGg?N,&,PM) () +OOSlgn( O)

(v): Yo € R, S(W) is finite, where S(Vy) is defined by (2.28).

Proof. We already proved in [4] that if N € A(Q, Pys) then (RCD); has at most
one solution. Using the techniques of theorems 4.1 and 2.1 of [4] up to minor
changes, it is easy to extend this uniqueness result to the more general case where
N € Whe(Q, Prr). We assume from now on that N € W1°°(Q, Pyy). In order to
prove (i) we proceed as follows. We introduce the following space equipped with
its standard norm:

E = WLOO(vaM) X (LOO(vaM))S X R3M+57

and we set U = (¢¥,n,p,J,). Then for each fixed I € R, (RCD); can be writ-
ten in the abstract form G(I,U) = 0, where G is the map defined from R x
(W (Q, Py ) to E by G(I,U) = (F(I,U),A(U)) and where

F(I7 U)/[ai,ai+1]
= (ni —pi — Ni,nj — (nath; + Jna), 05 — (=piti + Jni — 1), J;, ),
i€40,..., M},

AU) = ([n eXp(_w)]au S [n exp(_"/})]an RN [pexp("/})]aw R [Pexp(iﬁ)]aw
[Jn]ala ey [Jn]an"/)(_l) - djr,—lvn(_l) — Ny —1,
n(1) = ne1, p(=1) = pr—1,p(1) = pra),

where u; = U/[q; q,,,]- It is easy to check that G is an analytic map from R x
(W1>2(Q,Pa))* to E. Moreover, by using a proof similar to that of the uniqueness
of solutions of (RCD); we deduce that for every I such that (RCD)7 has a solution
U(I), the linearized operator 9y G(I,U(I)) is one-to-one. Since this operator is a
Fredholm operator of index 0, we can apply the analytic version of the implicit
function theorem. This, together with the global uniqueness theorem for (RCD)y,

allows us to prove (i), (ii) and (iii).
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We prove (iv) as follows. We first remark that we have

(2.35)

VI € E(N,0,Ppn), V(I) >0 (resp. <0,=0)< 1 >0 (resp. <0,=0).
Let Iy € E(N,5, PM)]R — &(N,6,Puy) be given. From proposition 2.1 we have
0 € E(N,0,Pa). Hence Iy # 0. Assume first that Iy € (0, +00). We prove (2.34)
by contradiction. Hence assume that (2.34) does not hold. Therefore, thanks to
(2.35), there exists a sequence (Ii)r C E(N,d, Par) such that limg_, 4o Ix = Iy and
(V(Ig))k is bounded. We set Vi, = V(I;) and we denote by (¢, nk, pk, Jnx) the
solution of (RCD)y, . Then (¢x, nk, Pk, Jn k, Ix) is a solution of (RVD)y, . Therefore

(1, exp(—tr), pr exp(¥r)) € (WH(Q))?

and ngexp(—vg), prexp(yi) are monotonic functions. Hence, since (Vi)g is
bounded we deduce that the sequences (njexp(—tx))r and (pgexp(¢x))i are
bounded in L°°(€)) and are bounded away from zero independently on k. Us-
ing now the first equation of (RVD)y, we deduce that (¢)x is bounded in L>°(Q),
so that (ng)r and (pg)r are also bounded in L>°(Q2) and are bounded away from
zero independently on k. Moreover we have

N! — I,
nk + pr’

(2.36) (Vk Jlasaisa]) = i€{0,...,M}.
Hence (11,)y is bounded in W1°(Q, Pys). Using now (2.4)-(2.5) together with the
inequalities —|Ix| < Jux < |Ix], we deduce that (ng)r and (pg)i are bounded in
W1°(Q, Pas). Since the imbedding of W1 ([a;, a;y1]) in C°([a;, a;y1]) is compact,
we deduce from Ascoli’s theorem that there exists a subsequence of (Yx, ng, Dk, Jn k)
(still denoted by (vk, Nk, Pk, Jn.k)) Which converges in (C°([a;,a;+1]))® x R for all
i € {0,...,M} to (¥i,ni,pi,Jni). We define (¢,n,p,J,,) on Q by its restric-
tions (v, 14, i, Jni) to the intervals [a;, a;41]. Since (2.36) holds, we deduce that
(Vk Jlas,aisa))k CODVErges t0 ¥(q; a;ye) in C'([ai, ai1]) for all i € {0,... ,M}. In
a similar way we deduce from (2.4)-(2.5) that (74 /ia,,a,00])k a0d (Pk /as,a0.1])k
converges respectively to 1[4, a;,,] a0d D)[a; ;1] 10 C([ai, ai1]). Moreover since
(Vky Nokes Diey I k) satisfies (2.7)-(2.9), (¥,n,p,Jn) also satisfies (2.7)-(2.9). Hence
(1, n, p, Jp) is a solution of (RCD),,. This, together with the properties (i)-(ii), con-
tradicts the hypothesis Iy € E(N, §, Pas). Hence, thanks to (2.35), we deduce that
(2.34) holds. We prove in a similar way that the same result holds if Iy € (—o0,0).

Assume now that Iy = 4o00. Once again we prove (2.34) by contradiction.
Assume that (2.34) does not hold; then thanks to (2.35), there exists a sequence
(I)r C E(N,6,Par) such that limy_4 o0 Iy = +o00 and (V(Ix))x is bounded. We
set Vi, = V(I)) and we denote by (¢, nk, Pk, Jn,k) the solution of (RCD)y, . Then
(Vi ks Py I ks I) s a solution of (RVD)y,. We deduce as for the case I €
(0, 4+00) that (Yx)k, (ng)r and (pk)r are bounded in L*°()) and that moreover
(ng)r and (pk)r are bounded away from zero independently of k. Integrating (2.36)
from a; to a;4; for any ¢ € {0,..., M}, we deduce that (Ix); is bounded, which
contradicts limg—, 400 I = +00. Hence (2.34) holds. The proof is similar if [y =
—00.

Finally, property (v) follows easily from property (iv) and the analyticity of V'
on E(N, 8, Pu).
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Thanks to the analyticity of V on £(N, 6, Par), (2.35), proposition 2.1 and prop-
erties (i)-(iv)-(v) of theorem 2.2, we easily deduce the following result

Corollary 2.3. Assume that N € WH(Q,Py), 6 > 0 and Py are such that
there exists Vo > 0 (resp. < 0) satisfying #(S(Vo) N Spe) = k > 1. Then, the
following properties hold:
(i): k is odd.
(ii): 3 € (0,I*) such that [I; —n,I; +n] C E(N,d,Pr) for all j € {1,... Kk},
and
V' <0 (resp.>0) on [I; —n,1; + 7]
Vie{2,4,... ,k—1} (resp. j€{1,3,...,k}),
where I; < ... < I}, denote the elements of S(Vp) N Sne,
* : . _ )
I" = 1I§nj1gk(fg+1 I;)
and #5S stands for the cardinal number of the finite subset S.

2.3. A non-classical internal layer problem. We remark that the function
ge(@) = ¥(z) + 15 ((x — a;)e~1/2) which corresponds to the first term of the asymp-
totic expansion (2.2) in a neighbourhood of a; is continuous in such a neighbourhood
and is continuously differentiable on the left and the right hand side of a;, but that
in general [g.],, # 0. Hence g. cannot be a C! approximation of ¢.. As will be
seen in the sequel, it is convenient (in order to use theorem 3.1) to define a C! ap-
proximation of 1.. This is done by introducing a modified internal layer problem.
Since we are also interested in the dependence of the reduced and layer equations
on I, we specify the dependence on I from now on. We set
T — a;

7

—

f(z,I) we use the notation

(2.37) Tie(x) =

Moreover, for a given smooth function (z, I)

/ of
fi(z, 1) = 8x(x,1).
The modified internal layer current driven term associated to a given solution
(¥, n,p, Jp) of (RCD)y for I € E(N, 8, Pyr) and to a; , i € {1,..., M}, is denoted
from now on by t; (., I). It is defined as the solution of the problem (2.13)-(2.14),
(2.16), where h;, is defined as in (2.17) and is subjected to the modified interface
condition

(2.38) [81/)1-.55.,1)] :_\@{aw;;n] |
0 a;

Thanks to the new interface condition (2.38) the function ¢ (., I) + ;.. (75.c(.), 1) is
now continuously differentiable in a neighbourhood of a;,. We denote by (ILP); ; .
the problem formed by equations (2.13)-(2.14), (2.16), (2.17) and (2.38). Of course
the functions h; , defined in (2.17) depend on y and I.

The purpose of the next results is to show that (ILP); ;. has a unique solution
for sufficiently small ¢.

Theorem 2.4. Assume that N € W1>°(Q,Py). Assume moreover that Iy €
E(N,6,Pr) andi € {1,..., M} are such that [N],, # 0 are given. Then for every
compact subset K of O(Iy, N, d, Pa) there exist eg = €o(i, K, Io, N,0,Par) > 0 and
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Cy = C1(i, K, Ip,N,0,Ppr) > 0 such that for all e € [0,e0] and all I € K, the
problem (ILP)r ;. has a unique solution 1, o(.,I). Moreover this solution satisfies
(2.13), Yio(, I) = (., I) (where ¥;(., I) denotes the solution of (ILP); ;) and

(2.39) Vi (07,1 YD), bie(voo,I) =0, v € {+, -},

1) =
where the functions h; (., ) are defined as in (2. 17) (W, n,p, Jn) (., I) being the
unique solution of (RCD)r, and where the numbers off _(I) are uniquely determined
by the relations

(2.40) Gi(Ve, Laf (1) =0, of (I) eV, ve{+ -},

(2.41) a; (D)) = o (1) + [ (. Dla,
where the sets V" are compact neighbourhoods of { .(I),I € K} which are bounded
away from zero. The functions G;(\, I,.) are defined by

i

(2.42) +6:(DVIA (nlaf, D exp(x) — 1) + plai, T)(exp(—) — 1) — N(ai)a) /2,
where o (I), v € {+,—} are defined as in (2.25) and where

(2.43) Bi) = — [%} R

Moreover, the following properties hold:
(i): (., 1) + @i,s(n,s(.),l) is a C! function in a neighbourhood of a; for all
€ € [0,e0] and all I € K, where 7, is defined as in (2.37).
(ii): (1,1) — tic(r, 1) € C®((—00,0], K) UC>®([0,400), K) for all € € [0, o).
(iii): The functions
o+ qd,”
T rvare )
decay exponentially as T — doo with a decay rate that can be chosen inde-
pendently of (¢,1I) € [0,e0] X K for all (p,q) € {0,1,2} x {0,1}.
(iv):

3p+q1[,i . 3p+q1[,1.
. _— — v <
(2 44) orroIa ( ’ ) anan(O 7I) _Cyl\/g
Ve € 0,e0], V(p,q) €{0,1,2} x{0,1}, ve{+,-}, VI€K.
(v):
8q12’i,5 aq12)1
‘ o14 (ij)_ o4 (ij) < C’l\/E

Ve € [0,e0], Vqe{0,1}, ve{+,-}, VIeK.

Proof. Assume that Iy € E(N,6,Py) and ¢ € {1,...,M} are given such that
[N]a, # 0. Let K be a subset of O(Iy, N,d,Pas), and let € > 0 be given. For I € K
let us denote by (¥, n, p, J,)(., I) the unique solution of (RCD);. Assume now that
1&1-)5(., I) is a solution of (ILP); ;.. Then we claim that

8% e O c
or

(2.45) Vi (07, 1) 52507, 1) <0, ¢io(07,1) (07, 1) > 0.
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We prove this claim as follows. Thanks to the maximum principle apphed to equa-
tion (2.13), we deduce that if ¢; (07, I) > 0 (resp. < 0, = 0) then ¢; (7,1) > 0
(resp. < 0, =0) for all 7 > 0. Using (2.13) once again, together with the relation
n(af,I) —p(a;", I) = N(a}) = 0, we deduce that if ¢; - (0%, I) > 0 (resp. < 0) then

%(, I) is strictly

increasing (resp. decreasing) on RT. Since this function vanishes at 7 = +o00, we
deduce that the first inequality of (2.45) holds. The proof of the second inequality

is similar. )
. 31/%.,5
We multiply (2.13) by 5
-
This gives

(2.46)

1&1-)5(., I) is a strictly convex (resp. concave) function, so that

and integrate the resulting equation on R* and R~.

~ 2
(‘@;‘f r I)) =2 (n(a¥, I) exp(d(r, ) + pla¥, T) exp(~ie (7, )

~N(@)ie(r 1) + BLe ), ve{+—}

where E_ are unknown constants. Since Vi (00, 1) = 0, we deduce from (2.46)
that the limit

a"&i,a

lim (r,1)
T—100 T
exists and is equal to zero for v € {+, —}. This, together with (2.46), implies
(2.47) E/. = —n(al,I)—pla?,I), ve{+,—}

We now set 7 = 0% in (2.46). This, together with (2.47), yields
(2.48)

2

<3}§;6 (0", >> = 2 (nal, D)(exp(Bie (0", 1) ~ 1) + plat, Dexp(~di(0", 1)) ~ 1)
~N(a)iio(0%, 1)), v € {+,-).

This, together with (2.8) and (2.14), leads to

2 2
(2.49) <8g”(0+ I)) —<a:§”(o 1)) = 2[Na, (e (I) — b . (07, 1)),

T T

where o (I) is defined as in (2.25). On the other hand, thanks to (2.38) and (2.43)

we have

(2.50)

2 2 ~
81/)16 8¢15 8’(/)15 &
( “i (0, I>> —( el I)) (mm (+,I)—§6?(I)>-

From these last two relations we obtain
(2.51)

VEB (D) 222 0%, 1) = [N] (o (1) — 61.0%. 1) + S8,
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We deduce in a similar way that

(2.52)
VEBD D (07, 1) = [N]u o (1) — (07, 1) = S62(0).
Thanks to (2.48) and (2.51) we have
(2.53)
V| B0 [ Dexp0307, 1)) = 1) 4 plaf Dexp(—ic(0%.1) 1)
N )07 ] = [ (1) = G071 4 e D).

To find which sign must be chosen in (2.53) we must now use the inequalities (2.45).
These inequalities, together with (2.51)-(2.52), yield

(2.54)
vB.(1) N ., <am> 0T+

Several cases can now occur.

Case 1. Assume that 3;(I) > 0 and [N],, > 0. This last inequality, together with
(2.26), gives a; (I) > 0. Hence for ¢ sufficiently small (independently of I € K) we
have

ve

2[Nla,

612(1)) 12}1',5(0”7]) S 0, Ve {+v _}'

3

- p? -
so that using (2.54) for v = —, we obtain
b (0~ __° 3 -
¥ie(07,1) € |0, 2[N]a1ﬂz () +o; (I)] -

for e sufficiently small (independently of I € K). Since 1&1-)5 and ©; satisfy (2.14)
we have

(2'55) a?_(‘[) = O‘i_(I) - [w('v‘[)]am 'sz}a(o-’_vl) = "ZJLE(O_;I) - W('J)]aw
Therefore (2.53) becomes in this first case
(2.56)

VIR (nla 1) (exp(isc (07 1)) = 1)+ pla  Dexp(—5 (07, 1) = 1

7

1/2

~N(aF)di - (0F — (ot (1) = di-(0F c 32
N0, D) = (070 = G0 1) g D) )
with n = 1. O

Case 2. Assume that §;(I) < 0 and [N],,
with (2.26) gives o (I) < 0, so that

> N] B2(I) + ai (1) <0,

for € sufficiently small (independently of I € K'). Using (2.54) for v = +, we deduce
that

> 0. This last inequality, together

2[Nla,

1&1-)5(0"'7]) € 612(1)_'—0‘?_([)7 0 )
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for € sufficiently small (independently on I € K'). Hence (2.53) once again becomes
(2.56) with = 1.

Case 3. Assume that §;(I) > 0 and [N],, < 0. This last inequality, together
with (2.26), gives o (I) > 0, so that

€
2[Nla,

for € sufficiently small (independently of I € K'). Using (2.54) for v = +, we deduce
that (2.56) holds with n = —1.

Case 4. Assume that §;(I) < 0 and [N],, < 0. We deduce in the same way that
(2.56) holds with n = —1.

Finally if 8;(I) = 0 we prove easily that t;.(07,1) = o (I) and satisfies
Gi(VE, 1,1 (07, 1)) = 0.

Hence we deduce from these different cases that 1&1-)5(0*‘, I) satisfies
Gi(\/gala/l&i,é‘(o-i_a‘[)) =0 and |2/;i7€(0+7—[)| S CO

for all e € [0,e1] and all I € K. Here G; is defined as in (2.42) and Cp, &1 > 0
are constants which depend only on i, K, N,§, Iy and Py;. We now prove that
;. -(0F, T) satisfies the second relation of (2.40) as follows. If [N],, < O (resp.
> 0), we know from (2.26) that o (I) > 0 (resp. < 0) and a; (I) < 0 (resp. > 0)
for all I € K. Moreover the maps I — o?(I), v € {+, —} are analytic on K. Hence
the sets V;” defined by

v — [97Y% min(a Vi v
Vi =27 min(af (1)), 27" max(ai (1)),

BHI) + of (I) > 0,

where v; = 1 (resp. —1) if [V],, < 0 (resp. > 0), are neighbourhoods of {«¥ (1), €
K} which are bounded away from zero.
Moreover, since we have

Gi(0,1,9i.(07, 1)) — Gi(v/z, 1, o (0%, 1)) = |[N]as| (= (I) + . (0F, 1))
e[V A
=/ m\/gﬁf(f) —V26:(I) (n(aj, I)(exp(thi o (07, 1)) — 1)

i R . 1/2
+plai, I)(exp(=1;c (0%, 1)) = 1) = N(a; )i (07, I)) 1

and since 1h; - (07, I)| < Cp, we deduce that
(2.57) i (07, 1) — of (I)] < Cov/e VI € K, Ve € [0,e1],

where Cy and 1 > 0 depend only on i, K, N, §, Iy and Pp;. Thanks to (2.55) we
also have

(2.58) [i (07, 1) —a; (I)] < Ca/e VI € K, Ve € [0,e].
Hence there exists ¢y > 0 depending only on ¢, K, N,d,Iy and Pp; such that
Vi (0¥, 1) € V¥ for v € {+,~} and for all [ € K and all € € [0,e0]. More-
over, since (2.14) holds, (2.41) is satisfied. Hence we have proved that if ¢; . (., )
is a solution of (ILP); ;. then v; . satisfies (2.13), (2.39) and (2.40)-(2.41).

Before proving that the converse is also true, we first prove that the equation

Gi(v/E,1,7) = 0 has a unique solution in V;* for all ¢ € [0,&¢], where g9 > 0
depends only on ¢, K, N, 6, Iy and Py;. We argue as follows.
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Since the set V;* is bounded away from zero we deduce that the function (A, I, )
0G;
— Gi(\ I,z) € CP(R x K x V;1) o (A I,x) > Cy >0 for all X €

[0,/Z0), all I € K and all z € V;*. Since G;(0,1,a; (I)) = 0 and o; (I) € V;" for
all I € K, we deduce from the implicit function theorem together with the above
inequality that the equation G;(1/e,1,z) = 0 has a unique solution 12’1‘75 (0F,1) in
Vi for all € € [0, 0] and that the maps I — 1); (0%, I) are in C>°(K).

Assume now that v; . (., I) is a piecewise C2 solution of (2.13), (2.39) and (2.40)-
(2.41). Hence ;o (., I) satisfies (2.14). Thanks to (2.13)-(2.14) we deduce as before
that (2.45), (2.48) and (2.49) hold. Moreover since (2.40) holds, we also deduce as
before that (2.57) and (2.58) hold.

Assume now first that [N],, > 0. Then, thanks to (2.26), we have o (I) < 0
and o (I) > 0. Since (2.57) and (2.58) hold, we deduce that there ex1st C3 >0
and g9 > 0 such that

(2.59) $i (0, 1) < —C5, ;(07,1)>C3 VI€EK.

O
g"s (0",I) >0 for v € {+,—}. This, together with
-

Thanks to (2.45) we obtain
(2.48) and (2.40), yields

B I)

5 + Bi(I)Ve w”(0+ I)=0.

[Na, ($1.:(07, 1) — o (1)) —

Using (2.49) in this last equality, we obtain

2 . 2
0 1,E 0 0hE [ —
< Vit 04,1) - @.(1)\/;) - ( 0 J))
T
Using (2.59) in (2.48) together with (2.45), we deduce that

8¢1 1>
or

for sufficiently small €. In a similar way we prove that

8w1 €
or

for sufficiently small €. Hence (2.38) holds. The proof of (2.38) is similar in the
case where [N],, < 0.

Thus we have proved that the problem (ILP); ;. is equivalent to (2.13), (2.39)
and (2.40)-(2.41) for ¢ sufficiently small. Using Fife’s lemma ([7, lemma 2.1]) for the
problems formed by (2.13) and (2.39) we now deduce that (ILP); ;. has a unique
solution ;. (., I) fo all (g, 1) € [0, 0] x K, which together with its derivatives with
respect to 7 decays exponentially as 7 goes to +00. Since the coefficients in (2.13)
and the boundary data in (2.39) depend in a C*> way on I, we deduce that (ii)
holds. Moreover thanks to (2.57) and (2.58), we obtain (2.44) for p = ¢ = 0 and
v € {+,—}. Using (2.44) for p = g = 0 together with (2.45), we easily deduce that
(2.44) also holds for p =1, ¢ = 0 and v € {+, —}. Using (2.13) together with (2.44)
for (p,q) € {0,1} x {0}, we obtain (2.44) for p =2, ¢ =0 and v € {4, —}. Thanks

— (07, 1) = Bi(I)ve >0

T 07, 1) >0
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to (2.40) we have
(2.60)
81[11',5

(VE, 1,1 (0%, D)= (0%, 1) = 0.

0G; - 0G;
W(\/gvjvw’hé(o 31))+ ax

Thanks to the definition (2.42) of G; we obtain

8Gi _ BGi |[N]a7|
o1 Vo Lo =7 [V

dp;
dl

0,1,z) — Eﬁi(I) (I)""\/%Ti(xv‘[)v

and

5(’;;‘ (VE,I,z) = a@ii (0,1,2) + v2eB; (1) K;(x, I),

where T; and K; are smooth functions on V¥ x K which are independent of . Using
these last two expressions in (2.60), we deduce that (2.44) holds for p = 0, ¢ =
1, v = 4. This, together with (2.41) yields (2.44) for p =0, ¢ =1, v = —. The
proof of (2.44) for the cases p € {1,2}, ¢ =1 and v € {+, —} is similar.

Thanks to (2.44) and following Fife’s proofs ([7, lemma 2.1, 2.2]), it is easy to
check that (iii) holds. We now prove (v) as follows. The function ¢; o(., I) — (., I)
satisfies the equation

o ('@/Ajz}a - 1&1)
or?
hie(0V,1) = i (0", 1) = o . — o, i o(v00,T) — Pi(voo,I) = 0.
Since the functions x +— h; ,(z,I) are strictly increasing on R, we deduce from the
maximum principle applied to the above equation that

min(0, ;. — o) < (d;w — 1@)(7’, I < anaux(O,aZS — aZ), vreRY, ve{+,-}.
Using (2.44) with p = ¢ = 0 we deduce that (iv) holds for ¢ = 0. Differentiating
(2.13) with respect to I we obtain the equation
93
or201

(T7 I) = hiyl’(’@[]iﬁ(,rv I)7I) - hiﬂ/(dji(T? I)aI)a T E Rua IS {+7 _}7

(e = 02)(r, 1) = (nlat, 1) exp(die (7, 1)) + plat, ) exp(—thuc (7. 1))
x%(d}i,s — 1/31-)(7',1) + R/ (r,1) TeR", Ie K,ve{+,-},

where [|RY 0,00, kv x K& < C\/e. Using once again the maximum principle on the
above equation together with (2.44) for p = 0, ¢ = 1, we deduce that (v) holds for
q = 1. This concludes the proof of the theorem. O

The above construction of a C! approximation of 1. holds for the points a;,
it € {1,...,M}, such that [N],, # 0. It fails when [N],, = 0. Hence we have to
proceed differently in this latter (indeed simpler) case. This is done in the following
proposition (whose proof is left to the reader).

Proposition 2.5. Assume that N € Wh>°(Q,Pys). Assume moreover that Iy €
E(N,6,Py) and i € {1,... , M} such that [N],, = 0 are given. We set for every
compact subset K of O(Iy,N,0,Ppr), all I € K and all T € R

1/31-75(7, I = %\@exp(—\/ [[Na;| |7])  (resp. =0)

(2.61) if [N'Na, #0  (resp. if [N']o, =0),
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where B;(I) is defined as in (2.43). Then the function 12’1‘75 defined by the above
relation satisfies the properties (i)-(v) of theorem 2.4.

2.4. Modified asymptotic expansion. We are now able to introduce the first
order term of the modified asymptotic solution associated to the solution of (CD)y .
for I € E(N, 8, Pr). We proceed as follows.

For a given partition Py = (a;)o<i<m+1 of Q we choose A such that

2.62 0<A<3! i i —ail).
(2:62) <A<3 j;énosri‘[}%MH('a 1)

Moreover for i € {1,... ,M}US; and A as above, we define truncating functions
M; A € C*(Q) by
M;a(z)=1 for |x—ai| <A, M;a(z)=0 for |z—a;>2A,

(2.63) 0< M;a(x) <1 for A<|zr—a <2A.
We remark that (2.62) yields
(2.64) M;a(x) =0 for |z—a;|<A, 2€Q, Vj#i.
We set
(2.65)

P={ie{l,... ,M}, [N]a, =0}, Q={ie{l,...,M}, [N]a, #0},
and for all I € E(N, 4§, Pur)

(2.66) Gelw, 1) =v(@, D)+ > $ic(ric(z), [)M;a(z),

i€ PUQUS;

(2.67) fic(x,I) =n(z, 1)+ > nlal,I)(exp(hic(ric(@), 1)) — )M al),
1EQUS,

(2.68)

Pe(x, I) = p(x, 1) + Z p(af, I)(eXP(—lﬁ@a(T@a (), 1)) = 1)M; a(z),
i€QUS,

where v = v(z) = + (resp. —) if 2 > a; (resp <), 7.« is defined by (2.37) and v .
is defined as in theorem 2.4 (resp. proposition 2.5) if i € @ (resp. P). Moreover
we have also set ij = z/AJl for ¢ € S;, where z/AJl is the solution of (ILP)y ;.

The following result will be useful below.

Lemma 2.6. Assume that N € W>°(Q,Pyr). Then for every I € E(N, 68, Par)
and every compact subset K of O(I, N,0,Pyr) there exists e1 = e1(K, Ip, N, §, Par)
> 0 such that for every e € (0,¢1]

(e, e, pe) € CH@ x K) x (CO(Q x K))2.

Moreover let Iy € E(N,6,Py) be given. Then for every compact subset K of
O(Iy, N,0,Ppr) there exist Ag = Ao(K, Iy, N,d,Prr) > 0 satisfying (2.62), and
r— =r_(K,Io,N,0,Pr) > 0 such that
(2.69)

fe(x, 1) >r_, p(x, ) >r_ VYeeQ, VI € K, Ve € (0,e1], YA € (0, Ag).
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Proof. From our choice of the functions 1&1-)5 it is clear that
(/J)Eaﬁsaﬁs) € Cl(ﬁ X K) X (Co(ﬁ X K))2

for € sufficiently small.

Assume now that Iy € E(N,§, Pas) is given and let K be any compact subset of
O(Iy, N,d,Ppr). Using the exponential decay (with a decay rate chosen indepen-
dently of €, I € K and i) of ¢; . at 7 = o0 and the fact that there exists n > 0
such that n(z,I) > n and p(z,I) > n for all z € Q and all I in K we deduce easily
that for every A satisfying (2.62) we have
(2.70)

Ao D)2 3 pe(e )25 Veel—( | fa—Aa+A),
i€QUS;
for € sufficiently small and independent of = and I.
Assume now that

reQn( | lai—A a0+ A).
1€EQUS)

Hence there exists j € Q U S; such that |z — a;| < A. Thanks to (2.64) we have
ﬁ5($, I) = n(a:, I) + n(a;'/v I)(exp(l/;j(Tj,s(x)v I) - 1) + g;'l,s(Tj}E(z)v I)v

where g¥_(y, I) = 0if j € Sy and g _(y, 1) = n(a¥, I)(exp(dj< (y. T) —exp(dh; (y. 1))
if j € Q. Using the property (v) of theorem 2.4 and proposition 2.5 we have for ¢
sufficiently small

|g;’/,a(7-j-,6(z)a[)| < O\/E \V/j € QUSZ,
(2.71) Ve € QNla; — A, a; + A]),VI € K.

On the other hand, the maximum principle applied to equation (2.13) yields
min(; (0%, 1),0) < ¥;(7, I) < max(¢h;(0”,1),0),¥r € R”.
This, together with (2.71) leads to
fe(x, 1) > n(z, I) —n(a],I)+m —CVe YjeQUS,
(2.72) VreQnla; — A,a; +A], VIEK,

where

n= IeK,?él(gUSL,y(n(ajaI) exp(min(4;(0%, 1), 0)) > O

Using the left and right continuity of n(., I) at = a;, and since n is smooth with re-
spect to I on the compact K, we deduce that there exist Ag = Ao (K, Iy, N, d, Par) >
0 and r_ =r_(K, Iy, N,6,Py) > 0 such that

n(x,I) —n(af,I)+m >r_ VjeQULS, VreQNa; — A a; + A,
VI e K, VA € (0,A].

Using this last inequality in (2.72), we obtain the first inequality of (2.69). The
proof of the second inequality is similar. O
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3. MAIN RESULTS
We need the following spaces for the sequel:
X =W3HQ, Py) x (WHHQ)3, Y = WHH(Q, Par) x (LH(Q))? x R®.

These spaces are equipped with the norms respectively defined by

=4
1Ul1x = lluallsr.opn + Y lluilliie, U= (w)i<ica € X,
=2
=4 =9
IRy = IRalliiopy + D lRilloio+ D [Ril,  R=(Ri)icico €Y.
=2 =5

We consider given functions a, b, ¢ satisfying

(3.1) (a,b,¢) € (WHH(Q))3,
and
(3.2) Ir_ >0 such that 7_ <min(b(x),c(x)) Vz e Q.

We associate to (a,b,c) the continuous operator A7, , ., acting from X to Y and
defined by

Al b U= (euf — (uz —us),uy — (a'uz + buj + ua),

(3.3) uly + (a’'us + cul — uq), ul, ur (—1),ua(—1),uz(1), us(—1),us(1)),
where U = (u;)1<i<a € X. We remark that in the particular case where (a,b, ¢, J,,)
is a solution of (CD)y e, then Af, . is the linearized operator at (a, b, c, Jpn) which
is associated to (CD);.. That is the reason why we call Afa7b,c) the linearized
current driven operator. We proved in [4] that (CD);. has a unique solution. It
is easy to check that a proof similar to the proof of uniqueness for (CD); . allows
us to show that for any functions (a, b, c) satisfying (3.1)-(3.2) the kernel of A7, ,
reduces to {0}. Since Afyp,c) 1s a Fredholm operator of index 0, we deduce that
Afa7b,c) is boundedly invertible. We also set

(34) B(€a7b,c) =1c© (Afmb,c))_l?

where i, denotes the canonical (continuous) injection from X in (W11(Q))* and
L(E, F) stands for the space of continuous linear applications from E to F. We
give in the next theorem a bound of the inverse of Afa b

Theorem 3.1. Assume that (a,b,c) satisfies (3.1)-(3.2) and let R = (R;)i<i<9 €
Y be given. Then U, = (Afa,b’c))_lR = (wie)1<i<a satisfies the following estimates:

(3.5) lurellire < e(Par)r= C(lldllo0)) I Rlly
(3.6) lluicelloco.e < c(Par)(C(lla'lo,1.0))?[I BRIy for =23,

4 o102 < c(Pa)(C(lld||o,1,0))?
(3.7) x(|la'or.o + 1+ 1 +r=Y|dilloco)|Rlly  for i=2,3,

(3.8) [[uaell11,0 < c(Par)C(lla'lo1,0)l|RIly,
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i l10,py < e(Par)e (C(lld[Jo,0))?
(3.9) x(la']lo,1,0 + 1+ (L4721 ([[bllo,00.2 + llello,00.2)) |1 Ry

where dy = b,ds = ¢, ¢(Puy) is a generic constant which depends only on ¢(Pas)
and

(3.10) C(t) = (14 t)exp(t)
Then we deduce from theorem 3.1 the following corollary.

Corollary 3.2. Assume that (a,b,c) satisfies (3.1)-(3.2) and let Py =
(ai)o<i<m+1 be a partition of Q. Then there exists a constant K, which depends
only on M, ||a’||o,1.0; 1b]]0.00.2, ||¢ll0,00.0 and r—, such that the family of operators
(Bf, p.c))e>0 satisfies

(311) ||B(€a7b}c)||[’(Y.,(W111(Q))4) < K Ve > 0.

By extension, we still call B(Ea)b@ the inverse of the linearized current driven
operator. Hence corollary 3.2 provides a uniform bound with respect to ¢ for the
inverse of the linearized current driven operator.

The next theorem gives the asymptotic error estimates.

Theorem 3.3. Assume that N € W2°°(Q, Pyr) and let Iy € E(N, 5, Par) be given.
For every compact subset K of O(Iy, N, 6, Prr) we define Ao, €1 and r— as in lemma
2.6 and choose A € (0,Ap]. Then there exists C = C(K,Iy,N,d, Py) > 0 such
that the following estimates hold:

09 8q'€[~15 0n, 07,
1572 = S22 Dl + 1 Gre = S0 Dllose.s
dp.  0p, 0 pe O,

(3.12) < Cyfe Ve € (0,e1], VI € K, q € {0,1},
where (Ye, Ne, De, Ine) (o I) (resp. (Y, n,p, Jn(.,I)) is the solution of (CD)r.e (resp.

(RCD);) and where ., ne and p. are respectively defined by (2.66), (2.67) and
(2.68).

This result can be easily extended (at the price of tedious computations) to the
case ¢ € N. In the same way higher order estimates (with respect to €) can be
derived by using higher order terms of the modified asymtotic expansion.

The next theorem and corollary give the multiplicity results for the voltage driven
equations.

Theorem 3.4. Assume that N € WS’OO(Q,’PM), 0 > 0 and Py are such that there
exists Vo > 0 (resp. < 0) satisfying #(S(Vo) N Spe) = k > 2. Then there exists
g9 = €9(N, 8, Par) > 0 such that for all € € (0,e2), there exist V_ . € (0,Vp) (resp.
(=00, Vo)) and Vi . € (Vo,+00) (resp. (V5,0)) if Vo > 0 (resp. < 0), such that
(VD)y . has at least k solutions in (H'(2))* x R? for all VeV, Vio).

It should be noted that the condition #(S(Vo)NSye) = k > 2 can be reformulated
in an equivalent way: (RVD)y, has k isolated solutions, k > 2. Moreover, thanks
to theorem 3.3, it is also possible to derive multiplicity results in the case where
(RVD)y, has several solutions which are not necessarily isolated.
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Corollary 3.5. Assume that N € Wd37°°(Q,PM), 0 >0 and Pys are such that
Csat7l(N7 67 PM) NR" 7& (Z)a Csat7r(N7 67 PM) NRY 7& @7

where v = + or v = —. Then there exists eo = £2(N, 6, Pyr) > 0 such that for all
€ € (0,e2), there exist (V_.,Vi ) € RV xR, V_ o < V4 . such that (VD)y . has
at least three solutions in (H'(Q))? x R? for all V € (V_ .,V ).

4. PROOF OF THE MAIN RESULTS

4.1. Proof of the estimate of the inverse of the linearized current driven
operator. The proof of theorem 3.1 is divided into two steps. In the first step we
prove that the estimates (3.5)-(3.9) hold in the case where (a,b,c) € (A(Q))? and
R e A(Q,Py) x (A(Q))? x R®. In the second step we prove these estimates under
the hypotheses of theorem 3.1 by a density argument.

First step. Assume that (a,b,c) € (A(Q))% and R € A(Q, Par) x (A(Q))? x R®.
From classical results on ordinary differential equations we deduce that U, € X N
(AQ, P)? x A(€2)). By the definition of A7, , . U. satisfies the following system
of equations:

(4.1) euf . =use —use + Ry,
(4.2) Uy, = a'ugc +buy . +use + Ry,
(4.3) uy . = —a'us e — cuy .+ use + Ra,
(4.4) Wy, = R,

(4.5) u1e(—1) = Rs,

(46) UQ)E(_].) = Rg, ’Uz2,5(1) = Ry, UB,E(_l) = Rg, u3,6(1) = Ry.
Since (4.4) holds, we have

(4.7) wge(z) = / 1 Ra(t)dt + j.,

where j. is an unknown constant. We c_an assume without loss of generality that
(4.8) Jje 2 0.

For z € Q) we set

(4.9) pe() = uy (2),

(4.10) V() = ug.e(2) H (pe () + us e (2)(1 — H(pe(x))),

(4.11) re(x) = b(z)H (pe(x)) + c(z)(1 — H(pe(x))),

(4.12) De(x) = Ra(x)H (pe(x)) + Rs(x)(1 — H(pe(x))),

where H stands for the Heaviside function.
Since p. € A(Q,Pa) NC%(Q), we can define the set of points of € at which
pe changes sign. Of course this set is finite (eventually empty). We denote by
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(%i,e)1<i<m,. its elements ordered in a strictly increasing sequence. Moreover we set
2o = —1 and xp,_41,. = 1, and we define a. € WH(Q) by

(4.13) a:(z) = / sign(pe(t))a’(t)dt.

—1
Since v. € L*(Q) and a. € Wh(Q), we have v.exp(—a.) € D'(). Using now
(4.1)-(4.3), since a. € C°(Q) we deduce that

(veexp(—ae)) = exp(—ae)(|pe|re + uae + D)

(4.14) + Z exp(—e (i) Vel 00y, In D),
i=1
where [f], = f(zT) — f(z7) and where §, denotes the Dirac distribution at z.
Since (pe) /[ai,ai41] € Al[ai, aig1]) for all i € {0,..., M}, we can define k. as the
first integer &k (which is necessarily odd, since p. continuously changes sign at ;)

such that png)(x;;) # 0 (or equivalently png)(xi}) #0). We set

(4.15) Bie = sign(pgks)(xj:g)) e {-1,1}.
Of course we also have
Bie = sign(pl*) (x;.))-
We now use the definition (4.10) of v.. This, together with (4.1), (4.9) and (4.15),
yields

(4.16) [vela, . = Bic(epl(z) — Ra(a)).
In order to reformulate the equation (4.14) we introduce the following functions:
(4.17) Ge(x) =/ ([pe(®)lre(t) + wae(t) + De(t)) exp(—ae(t))dt,
-1
(4.18)

0c(x) = (veexp(—ae)) (@) — Ge(@) + Y exp(—ac(wic))Bic R )H (x — i)

<

Using now (4.16)-(4.18) in the equation (4.14), we obtain

(4.19) 0. =e Y exp(—ac(wie))Bicpt(a )b, in D(Q)

i=1
We remark that by the definition of f;. we have B;.pl(z].) = |pL(z7,)]. This,
together with (4.19), implies that

0.>0 in D'(Q).
Hence 0. is an increasing function in Q. Going back to the definition (4.18) of 6.
we have

exp(ae () (ve (—1) + Ge(2) — K1.0(2)) < v:(a™)
(4.20) < exp(aq(w))(ve(1) exp(—ae(1)) + Ge(z) — G(1) + K2 (7))  Va € Q,
where K; ., ¢ = 1,2, are defined by

1=mc

(4.21) Kic(x) = exp(—ac(wic))BiR(a] ) H(z — z;.0),

i=1
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(4.22)

K e(x) = Z exp(—ae (i), sRl( )(1 — H(z — zi¢)).
i=1
In order to prove the estimates (3.5)-(3.9) we must estimate the different terms
involved in the left and right hand sides of (4.20). For the sake of clearness we give
these various estimates in the next lemma. Keeping the above notations, we have

Lemma 4.1. Assume that (a,b,c) € € (A(Q))? and that (b,c) satisfies (3.2). Let
moreover R € A(Q,Pr) x (A(Q))3 x R® be given. Then the following estimates
hold:

(423)  max(|lallloe lac(@) —a:(@®)]) < lld'lloe  V(z,t) € (@)

(4.24)
|K; e ()| exp(ac(t) < e(Pu)C(l|d o)l Rilliior, Yz t) € (@)% ie{l1,2},

(4.25)  Ge(x)exp(ac(z)) > —2exp(||a’||o.1.,0) ZHR llo10) VreQ,

(4.26)

(Ge(z) = G=(1)) exp(ac(z)) < 2exp(lla’|lo.1.0 Z Rillo1e) Ve,

(4.27)
T—||ps||0,l,§2 + 2|js| < Gs(l) eXp(as(tl,s)) +2 eXP(O‘E(tl,s) - Q¢ (tO,s)) Z ||Ri||0,l,Qa

where C(.) is defined by (3.10) and where t; ., i = 0,1, are such that
e (to,e) = min(ae(t)),  a(t1) = max(ac(t)).
tend ten

Proof. The first estimate (4.23) follows easily from (4.13). We prove (4.24) as

follows. For z € Q we denote by I, € {1,...,m. — 1} the integer (which depends

on z) such that z € [z;_ ., % .4+1,c). Moreover we denote by ig. € {0,...,M} the

integer (which depends on x) such that z;_41.c € [ai, ., @i, .+1). Hence we have
K@) explac(t) =| Y exp(ac(t) — ac(we))BicRa(a],)]

i=le+1

| Z exp(ae(t) — ae(i0))Bic Fa (xj_s)|

t0,e i>le+1/x5 c€lag,a141)

NE

l

| > exp(ac(t) — az(zi2))Bic Ra(af,)| V(x,t) € (2)%.
i>le+1/z; c€lar,ai41)

Since B;.0i+1, < 0 and §; . € {—1,1}, we deduce that
Y explelt) - ac(@io) B Raa))
i>le+1/xi c€lar,ar41)

< exp(a (8)) BVay a1 (exp(— e ) Br) + exp(a: (1)) || exp(—ac) Billo,co.far,ai54]5

<

M=

l

Il
o
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where BV, ;j(h) denotes the total variation of the function h on the interval [a, b].
Using (4.23) and the above estimate in (4.28), we obtain (4.24) for ¢ = 2. The proof
of (4.24) for i = 1 is similar.

We prove (4.25) as follows. Using the assumption (3.2) together with (4.11), we
have

re(x)>r_ >0 VYrec.
This, combined with (4.7)-(4.8), yields

[P (e () + uae(t) + De(t) > ~[|Rallos.0 — D) V€ Q.

Using this last inequality, together with (4.12)-(4.13), in (4.17), we deduce (4.25).
We prove in the same way that (4.26) holds. Finally, using once again the assump-
tion (3.2) together with (4.8) in the expression which gives G¢(1), we obtain (4.27).
This concludes the proof of the lemma. O

Thanks to this lemma we are now able to prove the estimates (3.5)-(3.9). We
first prove (3.5) as follows. We set = —1 in (4.20). This gives

Ge(1) < ve(1)exp(—ae(1)) —ve(—1) + K1,£(1).
This, together with (4.27), yields

T—||pello,1,.0 + 2[je| < ve(1) exp(ac(tic) — ac(1)) __Us(_l) exp(ae(tie))

=4
+K1,5(1) exp(aa (t17€)) + 2exp(ae (t17€) - aa(tO,a)) Z ||Ri||071,ﬂ~
=2

We now use the resulting estimate, together with (4.23), (4.24) and the boundary
conditions (4.6). This gives

(4.28) r-llpelloe + 2[je| < c(Par)C (/1" llo,1.0) 1 Rl] v

which together with the boundary condition (4.5) gives (3.5). We now prove (3.6)
as follows. We first use the estimates (4.23)-(4.26) in the inequalities (4.20). This
yields

[1v2]lo.00.2 < e(Par)C(J1a'lJo.1.) | RIly-
Going back to the definition (4.10) of v., we deduce that

(4.29)
[uz.ello,00,[: e zis1.0) < c(Par)C(lla' o, )Ry if  pe >0 on [zic, i1l

(4.30)
w3 ello,00,[wr e zis.0) < C(Par)C(lla o, )Ry if  pe <O on [z, iy ).

These last two inequalities imply in particular
(4.31)
luje(zre)| < e(Pu)Cld loa,0)|RIly, j=2,3 and VI e€{0,...,m:+1}.

Hence in order to prove (3.6) we must estimate |[ugcllo,co,fw; . zi51..] (TESD.
|[u3.ell0,00,[ws.c,z141..]) ON the intervals [x; ., zi11 ] where p. < 0 (resp. > 0). As-
sume first that p. > 0 on [z; ., zi11,]. Integrating (4.3) between z; . and x, we
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obtain

uz e () = us e (ic) expla(zic) —a(z)) — / ) c(t)ps(t) exp(a(t) — a(x))dt

+ [ aclt) + Ra(t) explatt) ~ (o).
Since we assumed that p. > 0 on [#; ¢, Zi+1,¢] and since (3.2) holds, we deduce from
the above equation that

uz.e(x) < exp(|la’ljo.o)(luse(wie) + [[uacllone + [ Rslloge) Vo € [zie, ig1e]-
Using now (4.7), (4.28), and (4.31) (with j = 3 and [ = ) in this last estimate, we
obtain

uz,e(x) < c(Pu)(C(lallog, @) IRlly Vo € [wie, Tita,e]-
In a similar way, integration of (4.3) between = and x;41., together with (4.7),
(4.28) and (4.31) (with j =3, [ =i + 1), yields

uze(w) > —c(Par)(C(|la'|lo,1.0))?[1Rlly Vo € [2ie, Titre]-
Hence we have proved that
(4.32)

[[us.ell0,00,1,c2151,2) < (P )(Clla'lJo,1,0)) | RI]y if pe = 0 on [2ie, zit1e].

Using (4.2) we prove in a similar way that

(4.33)
[uz,ell0,00, (1.0 i51..] < (Par)(C(lJa[Jo,1,2)) 2| R]]y if pe <0 on [ e, Tig1,e).

These last two estimates, together with (4.29) and (4.30), give (3.6). Moreover,
using (3.6) in (4.2) and (4.3), we derive (3.7). The inequality (3.8) follows easily
from (4.7) and (4.28). Finally, using (3.6), (3.7) in (4.1), we obtain (3.9). This
concludes the first step of the proof.

Second step Assume now that (a,b,c) € (WH1(Q))3 and that R € Y. From
the Stone-Weierstrass theorem and from the density of C%([a,b]) in L'([a,b]) we
deduce that there exist sequences (ay,bn,cn) € (A(Q))? and R, = (R;n)1<i<o €
A(Q, Par) x (A(Q))? x R? such that

llan —alli,1,0 + |bn —bll1,1.0 + |len —¢llii0 =0 as n— +oo,
[|[R., — R|ly =0 as n— +oo.
From this, since (b, ¢) satisfies (3.2), we deduce that
min(b, (z), cn(z)) > r— — max(||bn — b]|0,00,9, |/cn — ¢|]0,00,0) = 7= n >0,
Vo € Q, and for n sufficiently large.

Hence (by, cy,) satisfies (3.2) for n sufficiently large, with r_ replaced by r_ ,,. We
set AL = A, , .. Moreover we set Uy = (Uie,n)i<i<a = (As)~1R,,. From
the first step of the proof, we know that UZ satisfies the estimates (3.5)-(3.9) with
(a,b,c) and r_ respectively replaced by (an,bn,cn) and r_ ,,. Since the sequences
(@n)ns (bn)n, (cn)n are bounded in W1(Q), and since r_,, — 7_ as n goes to
+00, we deduce that (UZ), is bounded in X. We then write the system satisfied
by Ug — Ug,. Using once again the estimates (3.5)-(3.9) of the first step, together
with the boundedness of (UZ), in X, we deduce that (UZ),, is a Cauchy sequence
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in X which converges to U, since the kernel of Afa be) reduces to {0}. We conclude
this second step by letting n goes to +oco in the estimates on U. O

4.2. Proof of the asymptotic estimates. In order to prove theorem 3.3 we need
the following lemma.

Lemma 4.2. Assume the hypotheses of theorem 3.3. Then
Ue = (e — ey e — ey e — Pey Ine — Jn) = (Uic)1<ica € X

and satisfies the equation

(4.34) A?zﬂs,ns,ps)(Us) = R.(.,1I),
where A‘a; e pe) is defined by (3.3) and where R, = (R;¢)1<i<9 € Y is given by
o " 6'@[]%5 /
Ric(x, ) = —ev'(x)—2vE Y, (Ti,e (@), I)M; A (2)
i€PUQUS,
e Y ie(e () DMIA ()
i€PUQUS,
B:(L
(439 Y D T exp(— I e ()M ).
i€P

(4.36) Ric(x,]) =T (2, 1) = S;c(x,I) — Ajc(x,I) i=2,3,
(4.37) Ry (z,I)=0,
(4.38) Ri.=0, ie{5...,9}

The functions T; ¢, S; o, Aie for i =2,3 are given by

Toe(e, D)= | D nlaf,D)(exp(tje(rje(2), 1)) = 1)M;a(z)
JEQUS,

X W(%I)Jr Z '@[AJLE(TZ',E(:C)vI) z/A(x)

i€ PUQUS;

(4.39) +n(1'7[) Z 1&1',6(7—1',5(1.)7‘[) z/A(x) )

i€ PUQUS;

(4.40)
Sae(w, 1) = Y n(af, D)(exp(thi(7ic(x), 1)) = )M o (),

iEQUS;
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i€ PUQUS;

Ago(z, ) = e 1/2 Z Mi)A(x)ag;’s (1ie(x), 1) x {n(aé’,]) exp (Vi < (7ic(x), 1))

—n(a, D)= Y n(a}’,I)(eXp(ﬁj,s(Tj,s(fE),1))—1)Mj.,A(f1?)]

JEQUS,

(4.41) —e 7Y Mia(e 61/)”( (@), D)n(af, I) exp(hiz(7ie(2), 1)),

i€EP

Tse(x, 1) = —< Y pla, D(exp(—je(re (), 1) — 1)Mj,A($)>

JEQUS,

i€ PUQUS;

(4.42) x(¢’(x,l)+ Z %Z@E(Ti,e(x)af) ;A(x))
I)( Z g[?iﬁ(n,g(x),f) {7A(9C))a

i€ PUQUS;

(4.43)  Sse(a, )= Y plaf, I)(exp(—ie(mie (), 1) = 1)M] A(2),

1€EQUS)
(4.44)
1 a";l 1>
Az (2, I)=¢ Z M a(x)—=(7ic(x),I)
or
i€ PUQUS;

X { —pla?,I) eXp(_iﬁi,e(Ti,e(x)a 1))

+p(z, I) + Z p(a;-’, I)(exp(_"/;jﬁ(Tjﬁ(x)v 1) - 1)Mj7ﬁ(x)

JEQUS,

VS M, a0 2 (1 o), Dt T expl e (730, )

i€P

Proof. By construction 1.(.,1) € W21(Q). Moreover using proposition 2.5 and
differentiating (2.66) twice with respect to x, we obtain

0*1).
(D) = ~Ra(e, D)+ Y S (), DM A ),
1€EQUS)

where R; . is defined as in (4.35). Since for i € QU.S, ¥ and 1, satisfy respectively
(2.13) and (1.1) and since n and p satisfy (2.3), we deduce easily that

E(wf - 12)5)// =T — N — (ps - f)s) + Ry
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By construction 7i(.,I) € WH1(€2). Hence we can differentiate (2.67) with respect
to z. Using (2.66), we then obtain

il (@, 1) — fe (@, DY, (z, 1) = n'(x,1) + So.c(x, I)

V2 S M a(0) R (i), et 1) explie (), T)
i€QUS,

X—= n(x,I)+ Z Mj,A(x)n(a;'/vI)(exp(iﬁjye(Tjﬁ(x)vI))_1)

JEQUS,

x | D+ Y Gie(mie(@), )M A(2))

i€ PUQUS;

- aAi,e
vet 2 S e @) M) |

i€ PUQUS;

Since (¥, n,p, Jn)(., I) satisfies (RCD), we have

n.(x, I) — ne(x, DYl(x, I) = Jo(I) + Soc(@, 1) — To o (x, 1) + As o (x, 1),
where S ., T5 . and As . are respectively given by (4.39), (4.40) and (4.41). Sub-
tracting this last equation from (1.2), we obtain

(ns - ﬁs)/ = (ns - ﬁs)i); + ns(d)s - 12)6)/ + Jn,s —Jn + T2,s - S2,s - A2,s-
In a similar way we obtain

(e = Pe)' = —(pe = P)UL = pe(ve = Ye) + Jne = Jn + Tsc — Ss.0 — Asee.
Moreover we have (Jp.c — J,) = 0 and (Y. — ) (=1,1) = 0, (ne — fe)(£1,1) =
(pe — Pe)(£1,1) = 0. This concludes the proof of the lemma. O

Lemma 4.3. Assume the hypotheses of theorem 3.3 and let R. be as in theorem
3.8. Then for Iy € E(N,0,Par) and for every compact subset K of O(Iy, N, d, Par)
the following estimates hold:

0‘R.
ol
where g1 is as in lemma 2.6 and C = C(K, Iy, N,d, Py).

445)  |ISE(L Dy <CVE Vee (0,4, VIEK, qe {01},

Proof. We first estimate ||R1 (., I)||1,1,0,7,, as follows.
Since N € W2™(, Py), we have ¢ € W™ (Q, Py). Using the exponential
decay of the functions v; -(., I) at 400, we easily obtain
||R1)5(.,I)||1,1)Q773A4 < Cye Ve € (0,e1], VI € K.

We now estimate Ry . as follows.
Since M o = 0 in a neighbourhood of a; we have

|T2,c(., I)]]o,1,0

< (> @, DI IMjallo.coq lexp(¥e(rj.e(), 1)) = 1o1.0)
JEQUS,

X(W}(a I)|1,oo,Q.,’PM + Csss) + OSES Vs > O,
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where C is a constant which depends only on s, K, Iy, N, d, Py;. Making the change
of variable 7; . = 7; - (z) in the expression || exp(1hj . (7j.c(.), I)) —1|l0.1.0, we deduce
that
| T2.(, D010 < CyVe Ve e (0,e1], VI € K.
In a similar way we have
[1S2,:(., Do, < Cse® Vs >0, Ve € (0,e1], VI € K.

We now estimate A, . as follows.

0

1,€
or

Using the exponential decay of the functions (,I) at +oo, since (2.64)

holds, we have

[[A2,c(., I)[lo,1,0
<em1/2 Z 1M All0,00,0

i€QUS,

a/lgi, v
12 (0, D)0 1) = D)o o
—1/2 81&1',5

4O Y Mol 12552 (). Dl -0 i

i€P

(4.46) +Cse® Vs>0, Ve € (0,e1], VI € K.
We now remark that we have
— 61/317 v
€ 1/2”#(7@5(%])("(% ) — n("I))Ho,l,[ai—A,ai"rA]ﬁQ

A )
gf (Ti,e (), 1) (- = @i)llo1,jas—A,ai+a]n0s Vi€ QU S

Making the change of variable 7; . = 7; . () in this last expression, we obtain

< E_1/2|n('7 I)|17007Q>PM ||

— 0 Aia v
e 2L (0, 1) (e, 1) = 0 T oo, 6 < OVE
Ve € (0,e1], VIE K, Vi e QU S,.

Using now the definition (2.61) of 1[)1-,5 for i € P, we easily obtain

_ 0
Y My allosen l155EE
i€P T

(Tie (), D01, as—Asas+a]n0 < CVE

Ve € (0,e1], VI € K.

Using these last two estimates in (4.46), we obtain

[[A2 (., Dllog.0 < CyVe Ve € (0,e1], VI € K.
Hence we have proved that

[|R2.c (., I)|o,1,0 < Cy/e Ve € (0,e1], VI € K.
In a similar way we prove that

[|Rs.c(.; D010 < Cye Ve € (0,e4], VI € K.
Hence we have

|R-(., D)||ly <Cve Ve € (0,e1], VI € K.
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as+l¢i,5

Finally, thanks to the exponential decay of the functions (.,I) at oo for

s = 0,1, and using the above techniques, we deduce that

[
ol

(,I)HySC\/g VEE(O,El], VI € K.

We are now able to prove theorem 3.3.

Proof of theorem 3.3. We first remark that (¢, n.,p.) satisfies (3.1)-(3.2), where

r_ =r_ . = min(ming(ne), ming(pe)) > 0. Moreover, using (2.66) we have
192 Dllo,,0 + 176 (- Dlo,00,0
(4.47) +|pe (-, Do, < C Ve € (0,e1], VI € K.

Using lemma 4.2 and 4.3 (with ¢ = 0), together with theorem 3.1, we first deduce
that

(4.48) [wie (e D)|]o,00,0 < CV/e Ve € (0,e1], VI € K, i =2,3.

Since ug e = ne — Me, Uz,e = Pe — Pe, and using the inequality (2.69) of lemma 2.6,
we deduce from (4.48) that there exists r— = r_ (K, Iy, N, d, Par) > 0 independent
of £ such that

(4.49)
ne(z, I) >r_, pe(x, 1) >r_ VxeQ, VI € K, Ve € (0,21].

Hence (ne,pc) satisfies (3.2) with r— > 0 independent of . Using once again
theorem 3.1, together with lemmas 4.2 and 4.3 (with ¢ = 0), since r_ is independent
o ¢ we deduce that (3.12) holds for ¢ = 0.

Since

Ue = (1/)5 - 1[15,TL5 — N, Pe — Des Jn,s - Jn)

U,
satisfies (4.34) and is smooth with respect to I € K, we deduce that 8_1’6 satisfies
the equation
U, OR.

. B _
(is,ns,ps)( oI )= oI + R,

where R. = (Ri:(.,I))1<i<o € Y is given by

Rl,s(-al) :}_%4,5(-51) = Ei,g =0 Vie{5,...,9},
0%, on. A(the — 1)
owor 1 r DT g )

8212)5 Ope 8(17[}6 — 12)5)
owor 1)~ or WD )

Roc(,I) = (ne —ne)(., )

}_%3,5(-51) = _(ps _ﬁs)(-vj)
Hence we have
0*1).
0x01

Rz (- Do < [1(ne = 7e) (-, Dllo,co, |

one
oI

(- Dllo10

(4.50) H=57 (s Dlloss,0ll(e = G) (5 Dl e
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3}
We first estimate ||§(.,I)||O)OO)Q as follows. Since (¢, ne,Pe, Jn)(.,I) is the
solution of (CD); . we deduce that

8"/]5 on. 61?5 6Jn7€

We=(3r 21" 31 oI

)eX

satisfies the equation

Al nepWe = Fe €,

where A?wf,ns,ps) is the operator defined by (3.3) ~aund Ro( 1) = (Ric(-,I))1<i<o is
given by R;. = 0 for i € {1,...,9} — {3} and R3. = —1. We first remark that
(e, ne, pe) satisfies (3.1)-(3.2), where r_ is independent of . Moreover, since (3.12)
holds for ¢ = 0 and since |[{/’(., )||o.1.0 < C for all € € (0,&;] and all T € K, we
deduce that ||¢L(.,I)|lo1,0 < C for all e € (0,£1] and all I € K. Hence we deduce
from the inequalities (3.5)-(3.6) of theorem 3.1 that

(4.51)
e

I one
ol

ol

9pe
(Dlloson + 1157 ¢ Dllosa <€

Ve € (0,e1], VI € K.

(> Dlle +|

Using this last estimate in (4.50) together with (3.12) for ¢ = 0, we deduce that
|[Roc(., D)oo <CVe Vee(0,e], VIE K.

We prove in a similar way that
l|R3:(, D)oo <CVe Vee(0,e], VI € K.

Using theorem 3.1 once again, together with the estimate (4.45) of lemma 4.3 (with
g = 1) and the above estimates on R; . for i = 2,3, we obtain (3.12) for ¢ =1. O

4.3. Proof of the multiplicity results. We are now able to prove theorem 3.4
and corollary 3.5.

Proof of theorem 3.4. Assume first that there exists Vy > 0 such that
H#(SEMV)NSpe) =k >2

and denote by I; < ... < I the elements of S(Vp) N Spe. We choose n > 0 as
in property (ii) of corollary 2.3, and for I € R let (¢, ne,Pe, Jne)(.,I) be the
solution of (CD)rc. Since K = U, ;<4 [l =1, I; +1] C E(N,§,Pur), we can define

(e Ties Pey Jn) (-, I) as in (2.66)-(2.68) for all I € K.
Thanks to theorem 3.3 we deduce that there exists €1 = £1(N, d,Pas) > 0 such
that

(4.52)
W)E(LI) - 1/;6(171” + |

Using (1.10) we have

e
a1

e
oI

(1,1) — (1,I)| <Cye V e€(0,e1), VI € K.

(4.53) ¥e(1,1) = log (ﬂ> +4_—=V.(I), VIeR.

n_i
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Moreover, thanks to (2.10) and (2.19) we have
(4.54)

Pe(L 1) = (1) + 1,207, 1) = log( =) 4 by = V(1) VIEK.
Using (4.53)-(4.54) and (2.9) in (4.52), we obtain

(4.55)
Vo) = V()| + VAI) = V(D) < CVe € (0,e1), VI € K.

Using now property (ii) of corollary 2.3 together with (4.55), we deduce that for ¢
sufficiently small we have

V<0 (resp. >0) on [I; —n,I; + 7]
(4.56) Vi€ {24, k—1} (resp. {1,3,... k).

We set v; =1 (resp. —1) if j € {2,4,... ,k—1} (resp. {1,3, ... k}). Then using
(4.55) once again we obtain

VeI +vm) < Vo + (VI + ) = V(I;) + CVe),

Ve(l; =) = Vo + (V(I; —m) = V(I;) = CVe).

Since property (ii) of corollary 2.3 holds, we see that there exists eo = e3(N, §, Par)
€ (0,e1) such that for all € € (0,e2), (4.56) and

VE(IJ‘ +?7) <W< Vs(Ij — T]) (resp. Vs(Ij — 77) <W< VE(IJ‘ +T]))
(457) Vje{2,4,...,k—1} (resp. {1,3,...,k})

hold. We then easily conclude our argument. The proof is similar if V) < 0. O

Proof of corollary 3.5. Assume first that v = 4. Since 0 € E(N, 4, Pyr) and since
Csat,i(N,0,Py) N R” # 0, we deduce that 0 < J; = sup(O(0, N, 8, Pr)) < +o0
and J1 € Csat1(N,6,Prr) N RY. Of course [0, J1) C E(N, 0, Par). Moreover, thanks
to our assumptions there exists Jo € Csqr,r(N,6,Prr) N RY. Of course we have
Jo > Ji. Moreover, by definition of Csat,r(N, 0, Par), there exists v > 0 such
that (Jo,Jo + 7] C E(N,8,Par). We set J3 = sup(O(J2 + v, N,8,Par)); then
J3 € (Jo,+00] and (J2, J3) C E(N,d, Par). Thanks to property (iv) of theorem 2.2
we have

lim V(I) =400, m € {1,3}, lim V(I) = +o0.

I—Jm I—J5
Hence there exists J* € (Jo, J3) such that inf;¢(, s,y V(I) = V(J*) > 0. Since V is
analytic on £(N, 0, Pyr), we deduce that there exist Iy € (Ja, J*) and I € (J*, J3)
such that V'(I;) < 0, V'(I2) > 0 and V(I1) = V(I2) = Vo > V(J*). Therefore
#(S(Vo)NSye) = k > 2. From corollary 2.3 we know that k£ > 3. We then conclude
by applying theorem 3.4. The proof is similar if v = —. O

Part II. the electroneutral case: a constructive method for multiplicity

Part 1T will be devoted to the analysis of the roles of N, § and V' on the existence
of multiple solutions of (RVD)y .
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5. A SUFFICIENT CONDITION FOR THE EXISTENCE OF SATURATION CURRENT

We consider for the rest of this paper the reduced current driven equations
(RCD);. In order to shorten certain computations it is useful to consider Q2 = (0, 1)
instead of (—1,1). Hence we replace —1 by 0 in (RCD); and in (2.10) and whenever
else it is necessary, without further specifying it.

Assume that I € E(N,d,Pyr) and that (¢, n,p, J,,) is the solution of (RCD);.
Then we deduce easily that

(5.1) n(z) >0, p(z) VreQ,
and that

N +s —N+s

2 = =
(5:2) =P 5
where
(5.3) s=n+p.
Hence thanks to (5.1) we have
(5.4) s(z) > |N(z)| Yz e Q.
Using the equations of (RCD);, we also deduce that s and
I
(5.5) J=Jp— 5
satisty
N(N' -1
(5.6) s’ = (7)+2J in Quy,
5
(5.7) s(x) =npg +prz € {0,1},
(5.8) [ = N%,, =0 Vie{l,...,M}.
Moreover v satisfies
N -1
(5.9) Y = in Q.
5

(5.10) $(0) = ¢ro

+
(5.11) [¥]a, = log <M) Vie{l,..., M}
N(a;) + s(a;)
Conversely if (s, J) satisfies (5.4)-(5.8) and v satisfies (5.9)-(5.11), then (¢, n,p, J,,)
is the solution of (RCD);, where n and p are given by (5.2) and where

I
(5.12) o =T+ 5.

Hence we have proved the following result.

Lemma 5.1. Assume that N € W1°°(Q,Pyr). Then for all I € E(N,68,Pu),
(¥, n,p, Jp) is the solution of (RCD) if and only if (s, J) and v satisfy respectively
(5.4)-(5.8) and (5.9)-(5.11), where (s,J) are respectively given by (5.3) and (5.5).
Moreover if (s, J) is a solution of (5.4)-(5.8) and ¢ a solution of (5.9)-(5.11), then
(¥, m, p, Jn) is the solution of (RCD);, where n and p are given by (5.2) and J,, by
(5.12).
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We set
(5.13) Srg = Npg + Prz, TE {07 1}'

For N € W1°(Q,Pys) we define

(5.14) do(x /N f (e /N

Then we have the following result, whose proof is easy and is left to the reader.

Proposition 5.2. Assume that N € W1°(Q, Py) and denote by (1, n,p, J,) the
solution of (RCD)y for I € E(N,0,Pa). Then (s,J) = (n+p, Jn, — I/2) satisfies

(5.15) (2 = N*(2) = —2IN +4Js in Q,
(5.16) (82 = N?)(z) = 40*, 2€{0,1}.
We deduce in particular that J satisfies
1
I Ndt
(5.17) J = fol—.
2 [, sdt

Moreover, if Igo n(1) <0 (resp. > 0) then
(s = N?)(x) < 40" — 2Igo,n(x)

(5.18) ., )
(resp. (s° — N=)(z) < 46"+ 2Ig1 n(x)) Ve,

where go,n and g1, § are defined as in (5.14).

We now give a sufficient condition on the data for the non-existence of a branch
of solution of (RCD); at infinity.
Lemma 5.3. Assume that N € W1>°(Q, Pas). Then the following properties hold.
(1): Assume that go n(1) < 0. If maxq go,ny > 0 (resp. maxq g1,.nv > 0), (RCD);

has no solutions for

I>26* (maxgo N)Th (resp. T < —254(m§xglyN)_1).

(ii): Assume that go,n(1) > 0. If ming g1,5 < 0 (resp. ming go,.n < 0), (RCD);
has no solutions for

I>-25* (mlngl N)H (resp. I < 254(11151190,]\;)_1).

(iii): Assume that gon(1) = 0. Then E(N,6,Py) = (a—(N,d),a+(N,0d)),
where
(5.19)
a_(N,8) = 26* (mlngo N) Y (resp. —o0) if m{%ngo,N <0 (resp. >0),

and

(5.20)
ay(N,8) = 26* (maxgo ~)7 (resp. 4+ 00) if max go,y > 0 (resp. <0).
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Proof. Let I € E(N,0,Par) be given. From proposition 5.2 we know that (5.18)
holds. Assume first that go n(1) < 0 and I > 0. Then from (5.18) and (5.4) we
deduce that if maxq go, ;v > 0 then

0<I< 254(m£,xg07N >0)71,

so that sup(E(N, 8, Pa)) < 26%(maxqgon > 0)~!. In a similar way we deduce
that if go,.n(1) > 0 and I < 0 and maxq g1,y > 0 then

inf(E(N, 6, Par)) > —26* (mgxgl,N >0)"!

This proves (i). The case (ii) can be treated in a similar way.
Finally if go x(1) = 0, then

(82 - N2) = 454 - 2[907]\7,
so that we easily obtain (iii). |

In order to apply the multiplicity results of section 3 we want to give examples
of data for which the reduced current driven equations have at least two saturation
currents. Of course under the conditions of the previous lemma we proved the
existence of at least one saturation current. In order to obtain the existence of a
second saturation current we must guarantee that the solutions start to exist again
beyond the first saturation current. As will be seen in the sequel, this will be done
by analyzing (RCD); at infinity. Hence we must find conditions sharper than the
one given in the previous lemma for the existence of a saturation current without
losing the existence of a branch of solutions at infinity. This is done in the next
result.

Theorem 5.4. Assume that N € WH>(Q, Pys) and define

(5.21)  F(x,N) /N dt/ IN()|dt — /N dt/ N (1) dt

Then the following properties hold:
If maxq go,n < 0 orming g1 § > 0, then if ming F(x, N) < 0, there exists 6o > 0
such that for every 0 < § < 09 (RCD); has at least one positive saturation current.
If maxq gi,v < 0 or ming gonv > 0, then if maxq F(x,N) > 0, there exists
8o > 0 such that for every 0 < § < ég (RCD); has at least one negative saturation
current.

Proof. Let I € E(N,d,Par) be given.
Case (1). Assume first that maxq go, v < 0 (resp. ming go,y > 0) if I > 0 (resp.
I <0). Then we deduce from proposition 5.2 (see (5.18)) together with (5.4) that

IN|<s<hy on
where
= VN 1457 + V2T lgo.n .
Moreover in both cases, since Igg n(1) < 0, we have

1
Lo Nt _
2 [y IN(t)|dt
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This, together with hg > 0, yields
1
Ih N(t)dt
0 fo ( ) <

T < < Js.
2f0 |N(t)|dt

Inserting this last inequality in (5.15), integrating the resulting inequality from x
to 1 and using (5.16), we obtain

(5.22) (s> = N?)(z) < Py(z,6,N,\/|I]) VzeQ,
where
(5.23) Po(x,0, N, \) = 46* + 2) 2 (, 6, N) + N*Bo(x, N),
where
(5.24)
i o ! _ fy Nt [ VNT T 45tdt
and
N = —oFeien() [ o N Ot [, /lgonldt
(5.25) Bo(z, N) = —2v/2sign(I) ( REO

Under case (1) we have (o(.,N) > 0. Assume now that ming F(z, N) < 0.
Then there exists o € Q such that ag(z¢,0,N) < 0. We now remark that if
ap(z,0, N) < 0 then Py(x,d, N,\) has a minimum with respect to A on R at
A = —dag(z,0, N)(3Bo(x, N))~1. This minimum is nonpositive if and only if

(5.26) a0, 5, N) + 384 (fo (e, N))/* < 0.

Hence, since the left hand side of (5.26) is continuous with respect to d, we deduce
that there exists 09 > 0 such that (5.26) holds for © = xg and 0 < § < §p. But
then there exist 0 < A_ < A4 such that Py(zo,d, N, A) < 0 for every A € [A_, Ay].
But this, together with (5.22), contradicts (5.4) (see lemma 5.1), which proves
that (RCD); has no solutions for I € [A\%,\%]. Hence (RCD); has necessarily one
positive saturation current.

Case (2): Assume now that ming g1,y > 0 (resp. maxq g1,y < 0) if I > 0 (resp.
I <0). Then we deduce from proposition 5.2 (see (5.18)) together with (5.4) that

IN|<s<h on Q,
where
b = VN2 1 450+ /2Tl .
Moreover in both cases, since Igg n(1) > 0, we have
If) N(t)dt
2 [} IN(t)|dt
This, together with hy > 0, yields
Ihy [ N(t)dt N
2 Jy IN(0)lde

>J=0.

> Js.



4748 FATIHA ALABAU

Inserting this last inequality in (5.15), integrating the resulting inequality from x
to 1 and using (5.16), we obtain

(5.27) (s> — N?)(z) < Py(z,6,N,\/|I]) VzeQ,
where
(5.28) Py(x,0, N, \) = 46* + 2)\ %y (w, 0, N) + N*By (2, N),
where
(5.29)
e T Jy N@ydt [T VN 46%dt
(2,6, N) = sig (1)< /O N(t)dt + o )
and
N — 29 sien Jy Nt [ \/Tgunldt
(5.30) Bi(z, N) = 2v/2sig (I)< TN Ol .

Remarking now that

_/Oz N(t)cht/o1 IN(t)Idt+/OlN(t)dt/0r|N(t)|dt
:/; N(t)dt/ol|N(t)|dt—/01N(t)dt/: IN(D)|dt,
1

we conclude as for case (1). O
6. SUFFICIENT CONDITIONS FOR THE EXISTENCE
OF A BRANCH OF SOLUTIONS AT INFINITY

The purpose of the next results is to give examples of data for which (RCD);
has a branch of solutions at +oo.

We consider the problem (5.6)-(5.8). We scale this problem as follows (see also
[15]). We set

(6.1) s=A"%5 J=A"2J, X2 =112
Then (5.6)-(5.8) becomes

. ANN' N

S =

(6.2) —— — —+2J on Qu,
S S

(6.3) 3(x) = N2/ N2(x) + 464, = =0,1,

(6.4) [52 — MN?%,, =0 Vie {1,...,M}.

We set

(6.5) 5=u.

Moreover, to simplify the notation we still denote by .J the scaled quantity .J. Then
(6.2)-(6.4) becomes

U/

(6.6) 5 = MNN' — N +2Jyu on Qy,

(6.7) u(z) = N(N%(x) +46Y), z=0,1,
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(6.8) [u—MN%,, =0 Vie{l,...,M}.
For a given solution (if it exists) of (6.6)-(6.8) we set

(6.9) uf =u(af), i€{0,...,M+1},
and

(6.10) U= (uy,uf,... ,uy,uis,J)

We know from (5.17) that

1
(6.11) /0 N(t)dt #0 = J #0.

We start with the following result.

Proposition 6.1. Assume that
1
(6.12)  Njga0 = Ni €R for i€{0,... ,M} and / N(t)dt #0,
0

and let (u,J) be a solution of (6.6)-(6.8) such that u € C(2, Prs) and u > 0 on €.
Then for everyi € {0,... , M},

N; N; N;
Ullas,a41] < 57 5’ OT U|[a;,ai41] > 57 57’ OT U|[a;,a54,] = 3
Proof. We remark that, since N is constant on [a;, a;t+1],
N; . , . N;
(ﬁ)2 is a solution of (6.6) if 57> 0.
Hence from the Cauchy-Lipschitz uniqueness theorem we easily conclude our proof.

|

We get the following result from an easy integration of (6.6) for piecewise con-
stant functions N.

Proposition 6.2. Assume the hypotheses of proposition 6.1 and let (u, J) be given
as in proposition 6.1. We define U as in (6.9)-(6.10). Then U satisfies

(6.13) GWU,\) =0

where G is the map defined from (0, 4+00)?M x R* x R into R2M+1 by
(6.14) GU,N) = (Go(U, ), ... ,Gapn (U, M),

with (for i € {0,... ,M})

(6.15)  G3(U,\) = exp (ZJN "(Wui — Jul) — 42N ai —ai))
(6.16) (s — N@)™Y) = (Juf = Na@)™Y) if N £ 0,

(6.17) GAUN) = yJury = \Juf —2J(ais — i) if Ny =0,
(

Gi(UN) =uf oy —ui oy — N[N?|ay o foric€{M+1,... 2M}.
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We set
g(y) = e’lj(y - 1)7 g9i = g\Bl 1= 07 17 BO = R_a Bl = R+'
We set
Ci=g(B), ri=g; " i=0,1
Assume now that U = (uj,uf,... ,u&,uL,J) is given in (0, +00)?™ x R* such
that (6.13) holds, where G is the map defined by (6.14)-(6.18). Let i € {0,... ,M}
be given and assume first that N; # 0. We set

2J\/u;-|r B 2\ Jui
Yi = N, Yit1 = N,
If N; < 0, we define j as the integer in {0, 1} such that y;~ € B;. We then set
4J%(x — a;
o) =1 () (5= ) v € il
If N; > 0, we define j as the integer in {0, 1} such that y;", € B;. We then set

y(z) =, <9j(y;1)exp(%:mm)) Vo € [a;, ais1).

For both cases we set

Niy(z) o

6.19 = )
(6.19) u(@) = (L)
Assume now that N; = 0. Then we set
(6.20) u(z) = (\Vui +2J(x — a;))? Vo € [ai,ai41] if J >0,
(6.21) u(r) = (y/u;q +2J (2 — ait1))? VY € [ai, ai44] if J <0,
Of course we have

u>0 on[0,1].

Moreover it is easy to check that u € C'(€,Pys) and that (u,.J) is a solution of
(6.6)-(6.8). Hence we have proved the following result.

Proposition 6.3. Assume the hypotheses of proposition 6.1 and let U be given in
(0, +00)2M x R* such that (6.13) holds. Let u be defined as above. Then (u,J) is
a solution of (6.6)-(6.8) with u € C1(Q, Ppr) and u > 0.

If we formally set A = 0 in (6.6)-(6.8), we obtain the limit problem

u/

(6.22) 5= N+2Va
(6.23) u(z) =0, z=0,1.

Lemma 6.4. Assume the hypotheses of proposition 6.1. Assume moreover that
No # 0, Ny # 0 and that there exists (u®, J°) with u® € CY(Q, Par) and u® > 0 on
(0,1), J° € R such that (u®, J°) is a solution of (6.22)-(6.23). Then the following
properties hold:

(6.24) (u®)~12 € L}(0,1),

(6.25) GU°0)=0
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and Oy G(U°,0) is boundedly invertible, where

U° = (u(ay),u(af),... ,u’(ay,),u’(al,), JO).
Proof. Since (u, J%) is a solution of (6.22)-(6.23), we have
N,
0y — _ Vi - .
(Vud) = o in [a;,a;11].

Hence since Ng # 0 and Ny, # 0, we deduce that (u®)~1/? is integrable in a
neighbourhood of 0 and 1. Therefore (6.24) is proved. Moreover (6.25) trivially

holds from our assumptions. Let W = (wy ,w;, ... ,w}y;, w};,5) be such that
(6.26) ouvG(U°,0).W = 0.

We have

(6.27) u?’+ = u?’_ =,

For U = (uy,uf,... ,uy,u};,J) and for i € {1,..., M} such that y/u; L 5

\/Uit1 F %’i, we set
\ Wit1 ~ 27
=y/u, —\Jul + —log —+ L) — 20 (a5 — a).

ul N;

i T2
Express G;(U, A) in terms of H;(U,\). Differentiating the resulting equality with
respect to U, we deduce that

OuH;(U°,0).W = 0.
We then denote by (w,r), r € R, the solution of

w o J%w

z_2Y 0 ;
(6.28) 3 = Vo +2rVu0 in Q,
and
(6.29) w(0) = w(1) =0.

Using the equation dy H;(U?,0).W = 0 one can then check that w(a;) = w; and
r = j hold. On the other hand, since (6.24) holds we deduce that (w,j) = (0,0),
so that W = 0. This proves that 9y G(UY,0) is boundedly invertible. O

This lemma, together with the implicit function theorem and proposition 6.3,
implies the following corollary.

Corollary 6.5. Assume the hypotheses of lemma 6.4. Assume moreover that there
exists a solution (U°,J°) of (6.22)-(6.23). Then there exists A\g > 0 such that for
every A € [0, o), problem (6.6)-(6.8) has a solution (u(.,\),J(N\)) which depends
in a C* way on X and satisfies u(.,\) € C1(Q, Par), u(.,A) > 0 and (u(.,0), J(0)) =
(u®, J(0)).
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Lemma 6.6. Assume the hypotheses of corollary 6.5, and assume in addition that
No <0 and Nps > 0. Then there exists Ay € (0, \g) such that for every A € (0, 1)
the solution (u(.,\), J(X\)) defined in corollary 6.5 satisfies

u(, A) > AN

Proof. We set
da(x) = u(z, A) = A'N?(z).
Since (6.7) holds we have ¢(0) > 0. We claim that ¢, > 0 on [0,a1]. Assume to

the contrary that this is not true. We denote by x the first point (starting from
2 = 0) at which ¢ vanishes. Then since (6.6)-(6.8) holds, we have

Dru(z0, N) = —2Ng + 4T (M)A No|.

Since J(A) converges to J° as A goes to 0 and since Ny < 0, we deduce from
the last inequality that 9,¢x(z¢) > 0 for A sufficiently small. This implies that
¢ < 0 in a left neighbourhood of xp, which contradicts the definition of xy since
dx(0) > 0. We prove in a similar way that ¢ > 0 on [aar, 1]]. Hence we obtain
that u(., A) > XN(.)[? on [0,a1] U [aar, 1]. We now set n = 2~ infy,, ,,,(VuO).
Of course n > 0. On the other hand we know from corollary 6.5 that

||\/u(v /\) - \/u(v O)||OO7[117:,117:+1] —0

as A — 0. Hence for )\ sufficiently small we deduce that \/u(.,\) > n > \?|N(x)|
for all z € Q. |

We now turn our attention to the analysis of the limit problem (6.22)-(6.23).
For the sake of simplicity we will assume from now on that

1

(6.30) /0 N(t)dt > 0.

We set

(6.31) 2(y) = J\/al@),

(6.32) D(y) = N(a),

where

(6.33) y=aJ%

Then the problem (6.22)-(6.23) becomes

(6.34) o) =-2W Lo e (0.0)
2(y) Y

(6.35) 2(0) = z(a) = 0,

where

(6.36) a=J?%

where a is now unknown and where ’ denotes the differentiation with respect to v.
We set

(6.37)
P = (bi)o<i<mrir, Q= (0,a), b; = aa; Viec{0,...,M+1}.

Hence we have proved the following result.
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Lemma 6.7. Assume that N € WH(Q,Py) and that (6.30) holds. Then the
limit problem (6.22)-(6.23) has a solution (u,J) € C1(2, Par) x (0,400), u >0 on
Q, if and only if the scaled problem (6.34)-(6.35) has a solution (z,a) € C*(Q, Par)x
(0,400), 2 >0 on Q.

Our purpose now is to give a constructive method for giving examples of doping
functions N and partitions Py, for which the reduced current driven equations have

a branch of solutions at infinity. We proceed as follows.
We set

f(x) =z +log(|1 —z[), fi=fla,, €{0,1,2},
and
Ag = (_0030)7 Ay = (07 l)aAQ = (17+OO)

E ={(D,Pr), Pu = (bi)o<i<rrs1,
bo =0, Dip, 1,1 = Di € R, sign(D;) = (—1)"*", Vie {0,...,M}}
We then set wy =0 and ty = —1, and
T(M) =
{w = (wl,... ,War, t1y .. ,tM) S RQM, (—1)iwi >0,t; <0Vie {1, ,M},

(wip1 — D (wit;' —1) > 0Vi € {0,..., M}

(D™ (i (wirr) = fi (wity 1) > 0if wipy # 1,

and Wit1 = W; = 1if Wi41 = 1},
where j() is the integer in {0,1,2} such that w; 11 € A; if wi41 # 1.
Theorem 6.8. Let M > 1 be given. Then there exists (D,Py) € E such that
(6.34)-(6.35) has a solution (z,a) € CYH(Q,Pu) x (0,4+00) with z > 0 on (0,a)
(where a = byri1), if and only if T(M) # 0. Moreover if T(M) # 0, then the set
of (D, Py) € E for which (6.34)-(6.35) has a solution is characterized by
(6.38) (D, Py) = T(w,Dy), weT(M), Dy <0,
where T is defined by (6.39)-(6.41).
Proof. Assume first that (D, ,Pu) € E is such that (6.34)-(6.35) has a solution
(z,a) € CHQ, Pur) x (0,+00) with 2 > 0 on (0,a). Integration of (6.34) yields

|ziv1 — Di/2]

D; .
Zi4l — 2 + 7 log( |Zl — D1/2| = 2(bi+1 - bl) if z; # Dl/27

and,
Zi+1 = %4 if zi = Dl/27
where we set z; = z(b;). Since D, # 0 we can set
w; = QZiDi__ll, t; = DiDi__ll Vi € {1, - ,M},’wo =0,ty = —1.

We deduce from proposition 6.1 that we have (w;+1 — 1)(w;t; > — 1) > 0. This
together with the definition of the functions f; implies that w = (w1,... ,tm) €
T(M).
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Conversely, assume that 7 (M) # 0. Let Dy < 0 be given arbitrarily and consider
w = (wy,...,tn) € T(M). Then, for i € {0,..., M} such that w;11 # 1 we set

(6.39) D; = Dy H ti,
j=1
and,
D; _
(6.40) A = T(fj(i) (wit1) = fiq) (wit7 "))

Then one can check that A; > 0.
(6.41) For i such that w; = 1 we choose A; > 0 arbitrarily.
We then set for every i € {1,..., M}

Di_qw z

i—1Wi

2= S b = b+ Aiy b =0, a = §‘_0 A;.

We then construct z as in proposition 6.3 (the case where A = 0). O

7. MULTIPLICITY RESULTS FOR FORWARD BIASED THYRISTORS

For the sake of simplicity we restrict our analysis to the case of thyristors, i.e.
M = 3. Then we have the following result (whose easy proof is left to the reader).

Lemma 7.1.
T(3)DA={(U}1,...,t3)ER6, t1 <wyp <0,
0 < wsq <w1t1_1, ts3 < w3 <w2t2_1 <0}.

Hence from our previous results, we deduce that for w € A and Dy < 0, (RCD);
has a branch of solutions at 4oco for (D, Pys) = T'(w, Dy). Hence we assume from
now on that (D,Py) = T(w, Do) with w € A and Dy < 0. We now have to
combine these results with the ones we gave previously (see theorem 5.4) for the
existence of at least one saturation current to guarantee the existence of at least
two positive saturation currents. We proceed as follows. We first remark that since
we assumed that fol N(t)dt > 0, and since (D, Py) is such that (RCD); has a
branch of solutions at +oo, we have min 1)( fml N(t)dt > 0. Hence the condition
min 1(F(., V)) < 0 is sufficient (see theorem 5.4) for the existence of at least one
positive current.

We first remark that

r[gilr]l(F(., N)) <0 <= %ir]l(ﬁ(., D)) <0,

where
(7.1) Fly, D) :/ap(t)dt/Oa |D(t)|dt—/0aD(t)dt/a|D(t)|dt

Since M = 3 and sign(D;) = (—1)"*!, we deduce that minj ,(F(., D)) < 0 if and
only if F(by, D) < 0. Since D is piecewise constant we deduce that mingg 4 (F(., D))
< 0 if and only if

(72) D1DyA1 Ay — DgD3AgAsz < 0.
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Since (RCD); has a branch of solutions at +o00, we deduce that there exist at least
two positive saturation currents if the set

(7.3) B={weA, K(w)<0)}
is not empty, where

K(w) =7 (fi(wz) = fr(wit; )
(7.4) X (fo(ws) = fo(waty ")) + 13 fo(wr) f1(wsts ™).
Hence we have proved the following result.
Theorem 7.2. Assume that the set

B={we A K(w) <0} +#0,

where K is defined by (7.4). Then forw € B and (D, Pas) = T(w, Dy), with Dy < 0
chosen arbitrarily, there exists 69 > 0 such that for every § € [0,d0] (RCD); has at

least two positive saturation currents, so that the reduced voltage driven equations
have at least three solutions in a subinterval of RT.

Lemma 7.3. Let a € (0,1) be given. Then B D B, # 0, where
(7.5)
Ba = {w: (wl,... 7t3),t1 < 0,0 <we < a,ty <ws < w2t2_1 < O,
(7.6) wy € (t1, min(aty, 0(w)))},
where W = (wa, w3, t1,te, t3) and 0 is defined as in (7.11).
Proof. Let @ € (0,1) and w € A be given. We fix the parameters (ws, ws, t1, ta, t3)
such that t1 < 0, 0 < ws < a and t3 < w3z < w2t2_1 < 0, and we set w =
(wa, w3, t1,t2,t3). Since w € A we must have in addition 0 < wy < wltl_l. This

occurs whenever w; < at;. Since wy > t1 also holds, wy takes values in (¢1, atq].
We now remark that since fy is increasing on R™and since f; (’w3t3_1) < 0, we have

(7.7) K (wy, %) < L(w, ),
where

L(wy,d) = t7 (fi(wa) — fi(wity 1))
(7.8) x (fo(ws) = folwatyh)) + 63 fo(tr) fi(wsts ™).
Hence K (wy,w) < 0 will hold if L(wy, ) < 0 holds. We set
(7.9) Bw) = t1(fi(w2)) (folws) = fo(waty 1)) + t5fo(tr) fi(wsts ™),
and
(7.10) Ry (wr) = 3 fr(wity ) (fo(ws) — fowaty ).
Hence we have

L(wy,w) <0< B(0) < Ry(wr).

We now remark that Ry is a strictly decreasing function of wy on (¢1, at1] and that

it goes to 400 as wy goes to t1. We also note that G(w) > 0. Hence L(wyi,w) <0
if and only if wy € (¢1, min(aty, 6(w))), where 6 is given by

(7.11) 0(i) = (Ra) ™ (B()). O

We deduce from the above results and from corollary 3.5 the following multiplic-
ity result for forward biased thyristors.
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Theorem 7.4. Let a € (0,1) and w € B, be given arbitrarily. We set (D, Pyr) =
T(w, Dy), where Dy < 0 is chosen arbitrarily. Then there exists &y, such that for
all § € [0,80], there exists €3 = 2(D,8,Par) > 0 such that for all e € (0,ez),
there exist (V_ ¢, Vi) € RV xRY, V_ o <V, . such that (VD)y . has at least three
solutions in (HY(Q))3 x R? for all V € (V_ ., Vy.).

It is important to remark that the constructive method given above is general
and allows us to give other examples of multiplicity (for a higher number of pn-
junctions).
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